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Abstract 



We study the space of harmonic forms on complete manifolds with metrics of fibred 
boundary or fibred cusp type. These metrics generalize the geometric structures at infinity 
of several different well-known classes of metrics, including asymptotically locally Euclidean 
manifolds, the (known types of) gravitational instantons, and also Poincare metrics on Q- 
rank 1 ends of locally symmetric spaces and on the complements of smooth divisors in Kahler 
manifolds. The answer in all cases is given in terms of intersection cohomology of a stratified 
compactification of the manifold. The signature formula implied by our result is closely 
related to the one proved by Dai 1251 and more generally by Vaillant [57], and identifies Dai's 
T invariant directly in terms of intersection cohomology of differing perversities. This work 
is also closely related to a recent paper of Carron ,12, and the forthcoming paper of Cheeger 
and Dai |17|. We apply our results to a number of examples, gravitational instantons among 
them, arising in predictions about harmonic forms in duality theories in string theory. 

1 Introduction 

The Hodge theorem for a compact Riemannian manifold {M,g) identifies the space L^H*{M,g) 
of harmonic forms on AI with the de Rham cohomology of this space. When M is no longer 
compact, L^T-C*{M,g) is still of considerable interest, but no general theorem identifies it with 
a topologically defined group. In a number of special noncompact geometric situations, there 
are topological interpretations of this 'Hodge cohomology' space. These include the Hodge the- 
orem for manifolds with cylindrical ends in Atiyah-Patodi-Singer [2], Cheeger's seminal work 
on Hodge theory on spaces with conic and iterated conic singularities and its relationship with 
intersection theory j^, the considerable literature on Hodge cohomology on locally 

symmetric spaces, cf. in particular and |62j . and the third author's work |52) . |55| concerning 
(asymptotically) geometrically finite hyperbolic quotients. 

The aim of this paper is to prove a Hodge-type theorem for two different classes of Riemannian 
manifolds, special cases of which arise frequently in many interesting problems in geometry and 
mathematical physics. These are fibred boundary and fibred cusp metrics. Manifolds with fibred 
boundary metrics include all identified classes of gravitational instantons, the name coined by 
Hawking for complete hyperkahler four-manifolds. Special cases of fibred cusp metrics include the 
familiar 'Poincare' metrics in the theory of locally symmetric spaces. Slightly more specifically, 
a product of a compact manifold with an asymptotically locally Euclidean (ALE) manifold is 
an example of a general fibred boundary metric and a product of a compact manifold with a 
finite volume hyperbolic cusp is an example of a fibred cusp metric, and the most general case 
incorporates twisted versions of these examples, and also only requires the fibration structure 
to exist at the boundary. In particular, there are two special and very familiar subclasses of 
metrics amongst these: the ALE manifolds, also called scattering metrics, and manifolds with 
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asymptotically cylindrical ends, also called b metrics, which are fibred boundary and fibred cusp 
metrics, respectively, with trivial fibre. We describe these rigorously and in more detail below. 

Let M be a smooth compact manifold with boundary, and suppose that x is a boundary 
defining function (thus x vanishes on dM and dx ^ there). We recall four classes of metrics in 
terms of their behaviour in some neighbourhood U of dM. In the first two of these, M is arbitrary, 
but in the latter two, we assume that Y = dM is the total space of a fibration cj) : Y ^ B with 
fiber F. 

• g is called a 6-metric on the interior M of M if in it takes the form 

where h is a smooth metric on dM (i.e. nondegcnerate up to the boundary); 

• g is called a fibred cusp metric if in U it takes the form 

g = —5- + h + x k, 

x-^ 

where his a, smooth extension to U of (j>*h, where h is an arbitrary metric on B, and fc is a 
symmetric two-tensor on dM which restricts to a metric on each fiber F; 

• g is called a scattering metric if in U it takes the form 

_ dx'^ h 

where his & smooth metric on dM] 

• (/ is called a fibred boundary metric if in lA it takes the form 

dx"^ h 
9 = — + — + 
x^ x^ 

where h and fc arc as above. 

We have made a simplification here in not allowing cross- terms in these metrics, and members 
of these restricted classes are usually called exact 6-metrics, etc. This is not serious because as 
discussed in the next section, Hodge cohomology is invariant under quasi-isomctries, and so these 
cross-terms can always be deformed away without changing the Hodge cohomology. In fact, we 
shall henceforth assume that a product structure [0, 1)3, x dY is fixed on U and that the metrics h 
and fc in each of the four cases are independent of x with respect to this decomposition. Wc shall 
simply write h instead of h. This multi-warped product structure simplifies computations and 
general fibred boundary and fibred cusp metrics may be deformed to ones of this type without 
affecting the Hodge cohomology. 

These metrics, or at least special cases of them, are all familiar, albeit in different coordinate 
systems. Thus if we set x = e~*, then a 6-metric becomes dt^ + h on IR+ x dM, so it has cylindrical 
ends, while the same change of coordinates transforms a fibred cusp metric to dt^ + ft. + e~^*fc, 
which is a standard form for a Q-rank 1 cusp when dM is a torus bundle over a torus. Similarly, 
if we set x = l/r, then a scattering metric becomes dr^ + r^h with r — > 00, which is the standard 
form of the infinite end of a cone, and corresponds to the ALE class of gravitational instantons, 
such as the Eguchi-Hanson metric. Finally, a fibred boundary metric transforms under this 
coordinate change to dr^ +r^h + k, which is a common form for metrics in the ALF and ALG 
classes of gravitational instantons, such as the Taub-NUT metric and reduced 2-monopole moduli 
space metric. 
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The obvious compactification of M as the manifold with boundary M is uschil for many 
purposes, but to state the Hodge theorems here we define a new compactification X by collapsing 
the fibres F of dM . When _F is a sphere, X is a manifold, but in general X is a stratified space 
with one singular stratum, which we denote B (hopefully this should cause no confusion), and 
principal stratum M = X \ B . A neighbourhood of B is a cone bundle with link F over B. In 
particular, when B is trivial, X is the one point compactification of M, whereas when F is trivial, 
X = M. In any case, we set b = d\mB and / = dimF throughout this paper. X is called a Witt 
space if H^/'^{F) = 0, and as we explain below, the analysis is much simpler in this case. 

Our main theorems relate the Hodge cohomology of M, with either a fibred boundary or 
fibred cusp metric, to the intersection cohomology of X. We refer to §2 for a review of these 
latter spaces and an explanation of the notation in the following. 

Theorem 1. Let (M, g) be a manifold of dimension n with fibred boundary metric. Then for any 
degree < k <n, there are natural isomorphisms 

, , f lm{lH': {X,B)^IH) AX,B)) b odd 

^ '^^ I IH'I^,_^{X,B) beven, 

where the notation IHj{X,B) is explained in section 2.2.2, equation (5). 

Theorem 2. Let {M, g) be a manifold of dimension n with fibred cusp metric. Then for < k <n, 
there is a natural isomorphism 

L^H\M,g) Im {lH^{X,B) IHUx,B)) 

where m and m are the lower middle and upper middle perversities. These give the same coho- 
mology when X is a Witt space, in which case we write simply 

L^n>'{M,g)^IH^{X,B). 



The perversity functions which arise in Theorem 1 are somewhat nonstandard, but they 
appear naturally in this problem. We shall return in another paper to a closer examination of 
the relationships between perversity functions and weighted L^ cohomologies in these and other 
related geometric settings. However, for now note that an interesting special case occurs when F 
is the sphere S-^ , in which case X is a manifold and intersection cohomology reduces to ordinary 
cohomology. Then Theorem 1 becomes 

Corollary 1. Let iM,g) be a manifold of dimension n with a fibred boundary metric where the 
fiber ofY = dM is a sphere; thus M is identified with the complement of the submanifold B in 
the compact manifold X. Then for any degree < k <n, there are natural isomorphisms 



L^n''{M,g) ^ 



H''{X,B) 

H^(X) 

H''{X\B) 



k < 

2 ^ 

k > n 



b 
2 

k < n 

b 
2 



(1) 



if b is even, ano 



L'^n*{M,g) = < 



H''{X,B) 
lm {H''{X, B) 
H'^lx) 

Im Ih^{X) — 
H''\x\B) 



H^{X)) 



k < 



b-l 
k=^ + l 

b±i<k<n-^^ 



H''{X\B)) k = n- 



6+1 



k>n-^ 



(2) 



if b is odd. 



3 



The specialization of Theorem 2 is even simpler: 



Corollary 2. Let {M,g) be a manifold of dimension n with a fibred cusp metric where F ~ S-^ as 
in the previous corollary. Then the compactification X is a manifold and for any degree < k < n, 



Two degenerate cases of Theorems 1 and 2 are fairly well-known: 

Theorem lA. Let [M, g) be a manifold of dimension n with scattering metric. Then there are 
natural isomorphisms 



Theorem 2A. Let {M, g) be a manifold of dimension n with b-metric. Then for any degree 
< k < n, there is a natural isomorphism 



Theorem 2A is proved in 2 , while Theorem lA is stated in [HHI, but the proof does not 
seem to be readily available in the literature. We prove these first as a warm-up to the more 
general cases because the proofs are structured similarly but present fewer analytic and geometric 
demands. 

In all these results, but particularly in the latter two where the notation is more familiar, 
it is apparent that the topological expressions on the right depend on the stratification (A, _B), 
and not just on X. The traditional hypotheses about perversities were designed to make the 
corresponding intersection cohomology spaces independent of stratification, but as explained in §2, 
this independence is lost in certain degrees because of our use of slightly more general perversity 
functions. 

As already indicated, there is a simpler proof of Theorem 2 when A is a Witt space. The 
reason is that with this hypothesis the range of d is closed in all degrees, and so the space of 
L^ harmonic forms is isomorphic to the L^ cohomology. One can then directly apply techniques 
of which are mainly sheaf-theoretic and topological. We discuss this further in §5.5. Note 
that since L^7i"/^(M, g) only depends on the conformal class of g, we can also compute the 
middle degree Hodge cohomology for fibred boundary metrics when X is Witt. In fact, in this 
case there is a trick to prove Theorem 1 in many cases: if A: < n/2 and oj G L^H'' {M, g) then 
Lu At] € L^7i"~'^(M X S"'~'^'^,g), in particular is a middle degree class, where g is the product 
of a fibred boundary metric on M and the standard metric on the sphere, and where rj is the 
volume form on S'"^^''. The easier analytic argument now works provided the compactification 
X X S^-^fc is a Witt space, which requires that both if(/+»)/2-fe(F) = i7fe-(/+")/2(F) = (one 
of which is of course always true). This can always be used, for example, to reduce Theorem lA 
to a simple special case of Corollary 2 which follows easily from Theorem 2A. In the end, however, 
this would express the Hodge cohomology for a fibred boundary metric in terms of the homology 
of a different space altogether, hence is certainly less preferable. 

In any case, when X is not a Witt space, one needs to do something to confront the main issue 
that the range of d is not closed. The analytic machinery we introduce in §4 and §5 provides one 
avenue for doing this. Another possible approach involves Carron's notion of non-parabolicity at 
infinity J2j- In fact, Carron has used this method to characterize the L^ cohomology of arbitrary 
complete Riemannian manifolds with flat ends. There is a substantial, but not complete, overlap 
of his results with ours; we comment on this further in §6. 



L^T-&{M,g) = H''{X). 




H''{M, dM) 

Im {H''{M,dM) H^{M)) 
H'^fM) 



k < n/2, 
k = nl2, 
k > n/2. 



L^H''{M,g) — > Im {H''{X,B) ~> H''{X - B)) ^ Im {H''{M,dM) -> H''{M)) 
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Other work very closely related to ours is a forthcoming paper by Cheeger and Dai |17| 
concerning the cohomology of cone bundles. Since we have not yet seen this paper, we 
cannot comment specifically on its relationship with the results here. However, there seems to 
be substantial overlap; it is likely that we could deduce some of their results using the methods 
here, and using parametrices in the edge calculus |53| . Their methods should certainly give some 
of our results too. 

Hodge theorems are of course closely related to index theorems, and Theorems 1 and 2 imply 
a signature formula: 

Corollary 3. Let (M, g) be a fibred boundary or fibred cusp metric. Then 

sgn^. (M, g) = sgn (im B) ^ IH^X, B))) . 

This corollary is very closely related to the signature theorem for fibred cusp metrics proved 
by Dai [23 in a special case (using Miiller's index theorem for manifolds with ends which are 
locally symmetric of Q rank 1), and in more generality by Vaillant [HZ|- This theorem of Dai and 
Vaillant states that 

sgn^^ (M, g) = sgn (im (iJ*(M, dM) ^ H*{M))) + r, (3) 

where the final term is the r invariant of the fibration of dAI defined by Dai j2S]. Combining this 
with the above corollary gives the very interesting equality 

T = sgn (im {IH^{X, B) IH^{X, B))) - sgn (im {H*{M, dM) H*{M))) . (4) 

We discuss this further in §6 and §7, and shall explore this identity in another paper. 

Our initial and primary motivation for this work came from predictions arising in duality 
theories in string theory, some of which we describe in §7. In particular, physicists have predicted 
the dimensions of the spaces L'^H* on the moduli space of magnetic monopoles on M.^ [S3], multi- 
Taub-NUT gravitational instantons [HI], quiver varieties [HS] and certain G2 and Spin(7) manifolds 
In many of these cases, the metrics are of fibred boundary type, and our Theorem 1 confirms 
most of these predictions. A notable exception is the prediction for the G2 manifold in 
which our results prove is false. Most of these results have been or could be proved by techniques 
available in the literature j43| and |67| . In particular, as we explain in §6 below, taking ^3 into 
account, Dai's signature theorem [21] suffices to calculate L^Ti* for all hyperkahler metrics of 
fibred boundary type, i.e. all known gravitational instantons. Our methods and results give a 
unified approach and has the advantage of using only basic asymptotic properties of the metric, 
rather than any refined properties, e.g. having a large symmetry group or special holonomy group. 
Moreover, the interpretation of Hodge cohomology in terms of the intersection cohomology of a 
compactification is very much in the spirit of the original Hodge theorem for compact manifolds. 
We hope [22] that the results here, as well as those in ^S], suggest the correct form for a general 
result which would encompass the remaining cases of these predictions. 

This paper is organized as follows. In §2 we review cohomology and the basics of inter- 
section theory, focusing on spaces with only one singular stratum. We also define two different 
versions of weighted cohomology. A review of the proof of the Hodge theorem for compact 
manifolds is presented in the brief §3; this provides the basic analytic structure for the proofs of 
our main theorems and we emphasize here the main analytic points for which replacements are 
needed. The Hodge theorems for b and scattering metrics are proved in §4; this is accompanied 
by a review of the requisite analysis of b pseudodifferential operators. The more general Hodge 
theorems are proved in §5, first by identifying the Hodge cohomology with weighted cohomology, 
then by relating weighted cohomology to intersection cohomology. We briefly explain the rela- 
tionship of our results to those of Dai, Vaillant, Cheeger, Hitchin and Carron in §6. Finally, in 
§7, we discuss the special cases of these theorems which provided our original motivation, where 
M is one of the 'gravitational instantons', of currency in physics. 
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2 Cohomologies 

We discuss various cohomology theories (in a loosely construed sense) which play significant roles 
in this paper. 

As a general word about notation, if T is some function space on the Riemannian manifold 
{M,g), then denotes the space of sections of the exterior bundle /\*{M) with this 

regularity. When J- = or a Sobolev space, then we indicate the dependence on the metric by 
writing TD.*{M,g). 

2.1 and Hodge cohomology 

We start with a review of some facts about cohomology, and its relationship to the space of 
harmonic forms. 

The absolute cohomology H^{M) of a general (open) manifold M is identified with the de 
Rham complex of smooth forms with unrestricted growth at infinity, 

... — > c°°^t-^{M) — > c^n^M) — > c°°n''+\M) — > ... 

Similarly, its compactly supported cohomology H^{M) is computed by the de Rham complex of 
smooth compactly supported forms, 

... — > c^n''~^{M) — > c^n''{M) — > Cf^n''+\M) — > ... (5) 

It is well known |26| that these same cohomologies can also be computed using the complexes of 
distributional forms (C~°°il.*{M),d) and {CQ°°il*{M),d). However, there are many interesting 
complexes incorporating restrictions on regularity and growth at infinity between these extremes. 
The most popular of these (for good reason) is cohomology in the presence of a Riemannian 
metric. To define it, complete the differential complex 101 with respect to the norms on the 
exterior bundles associated to g and the volume form dVg so as to obtain the Hilbert complex 

... — > L^n'^g-^M) — > L^9!l{M) — > L^^l+^{M) — > ... (6) 

Strictly speaking, this is not a complex since the differential d is defined at each stage only on 
a dense subspace. Thus the space of degree k should be defined as {lo e L^il''{M, g) : duo G 
L'^n^+^{M,g)} C H^n''{M,g). The cohomology of ® is called the cohomology of M, and 
denoted H^^-^{M,g). In other words, 

Hf^){M,g) = {t^ G L^n\M,g) : duj = 0} / {dr] : e L^n';-\M), rfr; G L^n';{M)} . 

To set this into context, recall the Kodaira decomposition theorem, which states that for 
arbitrary manifolds, there is an orthogonal decomposition 

L^^^{M,g) = L^n^{M,g) © dC°°fF^ © ^C^fF+T, (7) 

where the first summand consists of forms uj G L'^Vt^{M,g) such that both duj = 6uj = 0. This 
is the space of harmonic fields, or Hodge cohomology, and is our main object of study. The 
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proof of the Kodaira decomposition is closely related to the essential self-adjointness oi d + S on 
L'^il* {M, g), which in turn follows from Gaffney's Stokes theorem, cf. [2^1 ■ It follows from this 
that the subspace of closed forms is precisely the sum of the first two summands here, and hence 

i/f2)(M,.g) ^L^n\M,g) 

In particular, when the range of d from L^Q,^~^ to L^Vl^ is not closed, then H^2) infinite 
dimensional. This behaviour occurs in many instances, e.g. on Euclidean space, and indeed, is 
the reason for some of the difficulties in understanding LP' cohomology. However, we can define 
the reduced cohomology 

H\2){M,g) = {u: E L^n^M^g) : dc. = O} / {dr^ E L^n>^{M,g), ,7 G L^n^^-^M, g)}. 
Combined with this gives the useful isomorphism 

%^{M,g)9^L^H''iM,g), 

which reveals the surprising fact - certainly not apparent from the basic definition ~ that Hodge 
cohomology is invariant under quasi-isometric changes of the metric. In other words, if two metrics 
are comparable, g' < eg, g < c'g', for constants c, c' > 0, then H(^2){M,*) is the same when 
computed with respect to either metric, and hence the same is true for L'^H*{M, *). Moreover, 
if H^^^{M,g) is finite dimensional, then it is naturally isomorphic to LpTi^ [Ad , g) . 

Reduced cohomology is not quite as tractable as it might appear. For example, it is quite 
important in calculations that there is a Mayer- Vietoris sequence for unreduced cohomology, 
but this is true only in special cases for reduced L'^ cohomology. 

2.2 Intersection cohomology 

We now review some definitions and facts about the intersection cohomology of stratified spaces. 
2.2.1 Generalities 

Let X be a stratified space of real dimension n with no codimension one singularities. We always 
assume, without further comment, that this space satisfies some extra hypotheses: if a point 
q E X IS contained in the stratum of codimension I, then it has a neighbourhood lA diffeomorphic 
to V X C{L), where V is diffeomorphic to a Euclidean ball and is contained in that stratum and 
C{L) is the cone over a link L, which itself is a stratified space (of dimension i — 1). 

A perversity p is an n-tuple of natural numbers, (p(l),p(2), . . . ,p{n)) satisfying p{l) = p{2) — 
and p{t — 1) < p{t) < p{(- — 1) + 1 for all £ < n. Associated to such a space X and perversity 
p is the intersection complex IC^{X), where, roughly speaking, the integer p{i) regulates the 
dimension of the intersection of generic chains with the stratum of codimension i. The homology 
of this complex is the intersection homology IHt{X). The dual intersection cohomology IH*{X) 
is more relevant to our purposes. 

The following result is fundamental. 

Proposition 1 r [37p . Let X be a stratified space and let [C* ,d) be a complex of fine sheaves 
on X with cohomology LL*{X,C). Suppose that iflA is a neighbourhood in the principal (smooth) 
stratum of X , then LL*(U,C) ~ LL*{IA,C), while if q lies in a stratum of codimension I, and 
U — V X C{L) as above, then 

n^dj n - m^UA _ / ^^^p (^) k<l-2~ p{£) 

H {U,C)^LH^{U)-^ ^ ^ fc>^-l-p(f) 

Then there is a natural isomorphism between the hypercohomology M*{X, C*) associated to this 
complex of sheaves and LLL*{X), the intersection cohomology of perversity p . 
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Thus intersection cohomology with perversity p may be calculated using any fine sheaf, so 
long as its local cohomology satisfies which we refer to as the local computation. See also ^Sl 
and [7| for more on this. 

This proposition is modified later in this section to provide a link between weighted cohomol- 
ogy and intersection cohomology. 



2.2.2 Intersection cohomology for spaces with only two strata 

Suppose now that X has only two strata: the principal smooth stratum and the stratum of 
codimension £, which we denote B. For convenience, we assume that B is connected, although all 
results here generalize easily to allow B to have many components (even of different dimensions, 
so long as their closures are disjoint). We denote by F the link associated to any point q ^ B. This 
is a smooth compact manifold of dimension £—1 with trivial stratification, and IH* (F) = H* (F) 
no matter the perversity p. We associate to X the manifold with boundary M which is obtained 
by blowing up J5, i.e. replacing B by its spherical normal bundle. (This may be visualized as the 
complement of a tubular neighbourhood of B in X.) Notice that dM fibres over B with fiber F. 

The only part of the perversity which affects ICp{X), and hence IH*{X), is the value p{£)- 
The basic hypothesis on p implies that < p{£) < £ — 2, and by ©, only the spaces H^{F), 
< k < £ — 2—p{£), are relevant for the calculation of these intersection spaces. We now introduce 
an extension of these definitions by allowing p{£) to take on any integer value. This does not give 
anything dramatically new: when p{£) < — 1, the local calculations ijSJ) agree with those for the 
computation of H*(X — B) = H*(M), whereas when p{£) > £ — 1 then they agree with those for 
the computation of H*{X, B) = H*{M, dM). Thus for any j G Z we fix the notation 

r H*{X-B) j<-l, 
IH*{X,B) = { IH;{X) 0<3<i-2, (9) 
[ H*{X,B) j>i~l, 

where in the middle case, p is any perversity with p{£) ~ j. 

We note some properties of these extended groups. First, IH^{X, B) = IH^Z-^-ji^^ B), just as 
with the standard intersection cohomology groups. Next, suppose that X is smooth and endowed 
with the stratification {X \ B,B), where B is just a distinguished smooth {n — £)-dimensional 
submanifold. The link at any point g G -B is S^~^, and so ifU ~V x C(S^^^) is a neighbourhood 
of a point q £ B, then 



IH^{S^-'^)^ H'^iS'^-^) k<£-2-p{£) 
k>£~l~p{£). 



If < p{£) < £ — 2, this equals C for fc = and for fc > 0, which is the same local calculation 
as for the ordinary cohomology of a smooth manifold; hence IH*{X,B) = H*{X) in this case. 
As expected, this is independent of the submanifold B, hence of the choice of stratification of 
X, because the perversity p is a 'traditional' one. However, in the other cases, when j < —1 or 
j > £ — 1, IH*{X,B) depends strongly on B. We also remark that this extension allows us to 
consider spaces with a codimension one stratum, i.e. a boundary. In this case, the link of a point 
on the boundary is any point, so the local calculations corresponding to j < —1 and j > give 
absolute and relative cohomologies, respectively. 

This use of nonstandard perversities is now common in intersection theory; for example, they 
enter into calculations of weighted cohomology on locally symmetric spaces 

Now return to the class of manifolds of interest in this paper where M is the interior of a 
compact n-dimensional manifold with boundary M, such that dM is the total space of a fibration, 
with base B and fiber F, dimi? = 5, dimF = f. M has two natural compactifications: the first, 
M, is obtained simply by adding dM, while the second, X, is the result of collapsing the fibres 
of dM in M. We write the image of dM in X as B. Thus X is a stratified space with a single 
singular stratum, B, of codimension £ = n — b. 
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Let us calculate the extended intersection groups IH*{M , B). The first step is to localize the 
calculation around B. Let N{B) denote a normal neighbourhood of B, so that X = M lA N{B). 
The overlap Alr)N{B) retracts onto dM = dN{B). For each j there is a Mayer- Vietoris sequence 

— > IH^(M, B) — > H^{M) © IH^{N{B),B) — > H^{dM) — > . 

This is elementary since M n N{B) retracts onto a compact subset oi X \ B. In any case, it 
suffices to calculate the groups IHj{N{B), B)). 

Assume (C*,d) is a complex of fine sheaves, the hypercohomology of which is isomorphic to 
IH* {N [B] , B). Choose an open cover {Ua] oi B in X such that the bundle dM _B is trivial 
over each Ua\ this lifts to the cover U_ — {4)~^{Ua)} of N{B). The bigraded complex of Cech 
cochains with coefficients in C* 



c°(w,/:2) 



C°(W,£0)- 

has hypercohomology which can be calculated using either of the two associated spectral se- 
quences, cf. Consider first the spectral sequence which starts with with the vertical differential 
d. Any intersection of neighbourhoods 4>~^{Ua) is of the form (0,s) x F x W , where W is an 
intersection of the neighbourhoods Ua in B. The local calculation ((SJ gives that the Ei term of 
the spectral sequence is: 



C°{U,H\F)) ^C\U,H\F)) ^C^{U,H\F)) — 



C° (W, (i^) ) ^ C\U,H°{F)) ^ C2 {U,H°{F)) — ^ ■ ■ ■ 

In all the rows below level £ — 1 — j, this is the same as the Ei term of the Leray-Serre spectral 
sequence for the bundle dM B, but all rows at level £ — 1 — j and above are set to zero. The 
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next differential, c?i, is the horizontal Cech differential 6. Using it to calculate the E2 term gives 
a bigraded diagram which agrees below level j with the E2 term of the same Leray-Serre spectral 
sequence. The higher terms Ek of this truncated Leray-Serre spectral sequence converge to the 
extended intersection cohomology IH*{N{B),B). 

One can, for example, see by examining the further terms of the resulting spectral sequence 
that this truncation does not change the limit E^''^ ior p + q < i — 1 — j . Thus ior k < £ — 1 — j, 
Y.p+q=kE^"'^ = IH^{N{B),B) ^ H^(dM). Using this in the Mayer- Vietoris sequence, we find 
that for fc < £ - 1 - j, ffl'j=(M, B) = H''{M). 

2.3 Weighted cohomology and intersection cohomology 

As we have already explained, one difficulty with cohomology is that in many cases the range 
of d is not closed, and this leads to the (somehow spurious) infinite dimensionality of the quotient 
spaces. There are many ways to circumvent this, each of which involve a perturbation of the 
Hilbert spaces L^S1*(M). One possibility is to use an completion, p ^ 2, cf. jBH], but the loss 
of the Hilbert space structure is unfortunate and unnecessary. An alternate and preferable method 
involves the use of weighted norms. The associated theory is called weighted cohomology. 

We do not attempt a general definition of weighted cohomology, but specialize directly to the 
cases of interest here. Thus let M be a compact smooth manifold with boundary, with boundary 
defining function x. If a G R, then x°-L'^{X) is the space of all functions (or forms) u — x°-v 
where v G L^(X). In the following, fix a fibred boundary metric gft, and a fibred cusp metric 
gic on X; we may as well assume that gic = a^^fffb. We also use the notation ilj^ and ilj^.. This 
is explained in §5, but for now we say only that this denotes the normalizations of the exterior 
bundle corresponding to gfb and g^c which are best suited for computations. 

Definition 1. For a G M, define the Hilbert complexes 

. . . ^ x''M-\M,gi,) x''L'nl{M,gi,) -> x''L'^''+\M,gi,) ^ . . . (10) 

and 

. . . ^ x''-^L'9!l-\M,gfk) ^ x''L'nUM,gi-k) x''+^ M^\M , g^) ^ . . . (11) 

as completions of the de Rham complex of smooth compactly supported forms with respect to 
the stated norms at each degree. We then set WH''{M,g[c,a) and WH^'^M, gib, a) to be the 
cohomology of these two complexes, respectively, at degree k. Thus 



{uj G x''L^nl{M,gf^) : = 0} 
{d?7 : G x-L^ni~\M, gt,), d-q G x-L^^l{M, 3^)} 



WH\M,gi,,a) = L,^,„i,,r ...L,.. (12) 



and 



WH\M, 5fb, a) = , ; '^"^-^ (13) 



{Luex^L^n''l^^{M,g{b)■■dLu^O} 
{drj-.Tje x--^L^n'^\M,g{k), dr^ G x- L-^n%^{M , g^)] 

We will supress the metric in this notation when it is unambiguous. Since fibred boundary 
and fibred cusp metrics are conformally related, these two cohomologies are essentially the same. 
More precisely, 

WH\M, gtk, a) = WH''{M, g{„ in/2) -k + a). (14) 

Thus for the remainder of this section we discuss only WH^ . 

Our main goal now is to relate the weighted cohomology for fibred cusp metrics to intersection 
cohomology. 

Proposition 2. Suppose that k— 1 + a — f/2y^Q for < fc < /. Then 

WH*{M,g,,,a)^IHl^j,^^{X,B), 
where [a + //2] is the greatest integer less than or equal to a + f /2. 
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Proof. We prove this by considering the complex of sheaves associated to a;"L^, so that its hyper- 
cohomology equals WH*{M, a), and show that its entries satisfy the appropriate local calculation 
0. In order to apply Proposition ^ however, we must first show that this sheaf is fine. 
For each fc, define the presheaf 



elm - 



L^n'^iu) ur\B = 



where the notation in this last line should be self-explanatory. The associated sheaf is denoted 

'"a- 

In general, the sheaf of (weighted) forms on the compactification of a manifold is not fine 
unless one has a 'good' partition of unity, i.e. such that the cutoff functions Xa have gradients 
which are bounded, uniformly in a. However, such partitions of unity are easy to construct for 
fibred cusp metrics, cf. the essentially identical discussion in 68 . We construct a good cover and 
partition of unity on M as follows. First choose a finite cover {Ua} of (the interior of) M such 
that all j-fold intersections of these sets are contractible. Choose a similar cover {Vp} of B, and 
let U'p = (t>-'^{Vf3) X (0,e), where (f) : dM ^ B. Then for e sufficiently small, {U^Mp} = {^''} 
is a good cover for M. Now choose a partition of unity {x"} where the elements satisfy no 
additional extra requirements over sets not intersecting M , but which have the form 4'*Xi3{y)x{x) 
on neighbourhoods intersecting the boundary; then it is easy to see that \dXa \ 5; C* uniformly in 
a, as required. 

Now turn to the local cohomology computation, following the discussion in §2 of 68 . Over 
neighbourhoods not intersecting B in X, we apply the standard Poincare lemma. On the other 
hand, suppose that U — V x F x {0, e), where V C B. First, by an adapted form of the Kiinneth 
theorem, the (weighted) cohomology of the product neighbourhood U is the same as the 
weighted cohomology of F x (0, e); this is valid since the weight function does not depend 
on y g V. This reduces us to computing WH'^{F x (0, e), dx^ / ^x^kp , a), where for the moment 
we write the metric on F as kp to distinguish it from the form degree. Setting r — — log a; to 
accord with the notation of , and regarding the weight as a norm on the trivial local coefficient 
system, then the conclusion of Corollary 2.34 from 68 is that: 

i) WH'^{X, a) is finite dimensional, i.e. the denominator in its definition is closed, if and only if 
the same is true for WH^{{0, e), dx^ /x^ , k — j + a— {f /2)) and simultaneously H'^^^{F) ^ 0, 
J = 0, 1. 

ii) If this condition is satisfied, then 

WMt^(X n\ ^ WH'^{{0,e),dx^/x\k + a- ,f/2)®HHF)) 

wn ^A,aj - ©TyiJi((0,e),dxVa;2,/fc-l + a-//2)®i/'=-i(F)). 

In fact, this follows once again from the Kiinneth theorem in [^Hl- We have 

I^i^"((o,.),d.V^^^) = { ^ 

whereas WH^{{Q, e), dx^ jx^ , 6) = if & 7^ and is infinite dimensional when 6 = the range of d 
is not closed at weight 0). 

Returning to the local calculation, we deduce that 

WH''{U, a) = {WH°{{0, e), dx'^/x^, k + a- f/2) ® H''{F)) 
® {WH\{0, s), dx^/x^,k - 1 + a - f/2) ® H'"'^{F)) . 

Since we are assuming that k — 1 + a — f/2y^0 when < fc < /, we obtain finally that 



WH^iU, a) ^ W^iJ"((0, s),dxyx^, k + a~f/2)(S H^{F) 



H''{F) k< f/2-a 
fc>//2-a. 
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Since the codimension of i? is / + 1, this is the same as the local calculation for IH*{X) when 
p(/ + l) = [a+(//2)]. □ 

A closer reading of this proof, which we leave to the reader, gives the following: 

Corollary 4. When a is sufficiently large, then 

WH''{M,gk,a) = WH''{M, go,, a) ^ H^{M) 

and 

WH''{M,gic,-a) = WH'' (M, gi^, ^a) ^H''{M,dM) 
for every k = 0, . . . ,n. If F — %, then these equalities are true for any a > 0. 

2.4 Representing intersection cohomology with conormal forms 

It will be quite useful later to be able to represent classes in intersection cohomology with forms 
which have some better regularity, especially near B (or, in the other compactification of M, near 
dM). On a manifold with boundary, a natural and useful replacement for smoothness at the 
boundary is 'conormality'. This is closely associated with 6-geometry, which is discussed in §4.1 
and we refer ahead to that section for the definition of the space of 6- vector fields Vb{M). For 
now, we say less formally that V G Vb if it is a smooth vector field on M and is tangent to dAI. 
Let 7 e M, and define the space of conormal functions of order 7 by 

A''iM) ^{u:\Vi--- Viu\ < Cx'< V£ and Vj e VJ . 

Clearly, any conormal function is C°° in the interior of A/, and it has full tangential regularity at 
the boundary. This definition extends directly to sections of vector bundles. 

We now define a complex of conormal forms. As we discuss later, cf. §5.1, the operator d 
acting on ili^{M) involves differentiations with respect to elements of Vb, but also involves the 
nonsmooth term x^^dp. Hence we set 

A^ni^oiM) = {ae A'^niiM) : da e A'^Qi+^M))} 

so that q(M), c?) is a complex. In essence, forms in this complex have a decomposition 

11 = Vo + v' where 77' G ^"+^rif^(M) and 770 £ A^-^f^iM) is fiber-harmonic as defined in §5. 

It is well-known, cf. [5B| Prop. 6.13, that the relative and absolute cohomology of a manifold 
with boundary can be calculated using complexes of conormal forms. Generalizing this, we have 

Proposition 3. The cohomology of the conormal complex q(A/), d) is isomorphic to 

the weighted cohomology WH*{M, g^c, a). Provided k — 1 + a — f/2^0 for < k < f , it is also 
isomorphic to (X). 

The argument to prove this is nearly identical to that for Proposition |21 The point is simply 
that A°'flf^Q{M) is the space of global sections of a free sheaf, the local cohomology of which 
satisfies the same local calculation as the sheaf of appropriately weighted forms. We omit the 
details. 

3 Review of the compact Hodge theorem 

Despite some trade-off in work, we shall mainly use the Hodge-deRham operator Dg = d + 6g, 
rather than its square, Dg = Ag, the Hodge Laplacian. We now review one proof of the standard 
Hodge theorem on compact manifolds which is phrased in terms of Dg] this is intended as a guide 
for the analogous arguments in the various noncompact settings considered below, and is also 
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meant to draw attention to certain analytic aspects of the argument which are standard when M 
is compact, but not so straightforward in these other settings. 

Recah the two most important components of the argument when M is compact. First, the 
elhpticity of the self-adjoint operator D = d + 5 (we drop the subscript g from now on) shows 
that it has a generalized inverse G, which is a pseudodifferential operator of order —1. Write 
L'^n*{M) = kerp) and let H denote the orthogonal projection L'^n*{M) L'^n*{M), so that 
GD = DG = 1 — 11. Implicit in this equation is the fact that the kernel and cokernel of D are 
both identified with L'^n*{M). We have 

G : H''n*{M) — > H^+^n^M), H : iJ^17*(M) — > C°°Q.*{M), for aU s e M, (15) 

and of course 11 is finite rank. Also, both d and 5 both commute with G. It follows directly that 
D is Fredholm, e.g. on L^J7*(M). Furthermore, H15|l also shows that the dcRham cohomology 
H^{M) can be calculated using any one of the complexes, C'^n*(M), L'^n*{M), or C"°°r2*(M), 
i.e., of smooth, or distributional (current) forms. 

Now to the argument. First let uj e L'^'H^{M). Then D'^oj = 0, and since w is smooth, there 
is no problem in the integration by parts, 

{D^Lj,Lj) = {Duj,Duj) = \\dujf + \\5ujf, 

so that duj = 5lo = 0. In particular, lo is closed and [uj] G H^{M) is well-defined. This defines a 
map 

$ : r&{M) > H''{M). 

We must show that $ is both injective and surjectivc. 

Suppose ^{uj) = [uj] = 0, i.e. u; = d( for some (fc — l)-form C. We may assume that we are 
calculating using the complex of smooth forms, so we can choose C to be smooth. Since there are 
no boundary terms to worry about, we can integrate by parts to obtain: 

\\u;\f = {u;,dC) = {5oj,0^0, (16) 

and so $ is injective. 

Next, let [rj] e H^{M) and choose a smooth representative rj. Applying GD = / — 11 to it 
yields 

■q = DQ + 7, where C — Grj, 7 = Yl-q. (17) 

By (fT^ again, ( G C°°r2*, and of course the same is true for 7 G L'^H* . Because D and G act on 
forms of all degrees together, we do not know yet that C or 7 are forms of pure degree fc — 1 and 
fc, so we argue as follows. Write 

6C = V - dC - -f; 

then 

ll-^Cf = (-^C, V-dC-l)^ (C, dr, - d'C - dj) = 0. 

Hence r] = dC, + ^ where 7 G L^H*{M). Now, clearly, neither ^ or 7 have terms of degree other 
than fc — 1 and fc, respectively. This establishes surjectivity of $ and completes the proof. 

When (M,g) is noncompact, each of these steps may fail in a variety of ways, and our main 
task is to show that they can be justified for fibred boundary and fibred cusp metrics. Most 
fundamentally, D may no longer be Fredholm on L^ft*, and so we must find some other function 
space on which it does have closed range. In fact, in our cases it is Fredholm on a scale of 
weighted spaces, and we must study the action of D on these spaces. In particular, we wish 
to find function spaces X and Y such that D : X ^ Y is Fredholm with cokernel identified with 
L'^TC*{M). This will serve as the replacement for (|17|) . To justify the various integrations by 
parts, we must also establish that elements of L^TC*{M) decay at some definite rate at infinity, 
and also show similar decay and regularity properties for the forms C- 
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4 Nonfibred ends 



Although the Hodge theorems for h (cyhndrical) and scattering (asymptotically Euclidean) 
metrics, Theorems lA and 2A, are already known, we nevertheless present proofs of these results 
here which address some (but not all) of the difhculties encountered in the general fibred boundary 
and fibred cusp cases. 

We shall sometimes denote the Hodge-de Rham operator for a 5 or scattering metric by Db or 
Dsc, respectively. Recall from the end of the last section that we need to find function spaces on 
which these operators have closed range, and we must also establish various decay and regularity 
properties for the harmonic forms, as well as the other auxiliary forms which enter into the 
proof. To obtain these properties, we use the machinery of the 6-calculus cf. also |53j . 
In other words, we adopt the point of view that in either case D is an elliptic element in an 
appropriate ring of degenerate differential operators on the manifold M . Mapping and regularity 
properties of these operators can be investigated using a parametrix for D constructed in an 
associated calculus of degenerate pseudodifferential operators. 

4.1 h metrics and operators 

Let g be an exact h metric. Associated to it is the space of h vector fields Vfc, which by definition 
is the Lie algebra of all smooth vector fields on M which are tangent to dM. In a coordinate 
chart {x,yi, . . . ,yn-i) near dM, where (j/i, . . . , ?/„_i) are coordinates on dM extended to the 
collar neighbourhood U and a; is a boundary defining function, any Z €Vb can be written as 

Z = a{x, y)xd^ + hj{x, y)dy^, a, e C°°(M). 

Notice that Vb contains precisely those smooth vector fields on M which have pointwise bounded 
norms with respect to any 6- metric. The vector fields xdx, dy- form a local spanning set of a 
vector bundle over M, called the &-tangent bundle, ^TM . This bundle is canonically isomorphic 
to the ordinary tangent bundle TM only over the interior, M , of M, but the canonical map 
^TM — > TM given by evaluating sections at a point extends to a map which is neither injective 
nor surjective over dM; its nuUspace is one-dimensional and is spanned by xdx- The dual of 'TAf 
is the 6-cotangent bundle, ^T*M, which is locally spanned by the one-forms dx/x, dyj. We write 
^/\* M and C°°ni{M) for the exterior powers of this bundle and its space of smooth sections, 
respectively. 

A differential operator P on M is called a 6-operator if it can be written locally as a sum of 
products of elements of Vb- Thus, in these coordinates, 

j+|a|<m 

with all coefRcients aj,a G C°°{M). If P is an operator on a space of sections of a bundle over M, 
then the coefficients a.j^a will be smooth endomorphisms of the bundle. The fe-symbol 

V™(P)(x,2/;^,77)=z-™ (^jA^.yWr 

is invariantly defined as a homogeneous function on ^T*M, and P is elliptic in this setting if 
^(Jm{P) is nonvanishing (or invertible if P is a system) for (5, 77) 7^ 0. 

Our primary example of a 5 differential operator is the Hodge-deRham operator D — d + 5 
with respect to a 6 metric g on M . To illustrate the definitions above, we determine its form 
now, assuming that the metric h which appears in the decomposition of g does not depend on x 
in the boundary neighbourhood lA. 
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Near dM any element of il^ (M) can be written as 

dx 

u) = a-\ Ap, 

X 

where a{x, y) and (3{x, y) are families of k- and (fc — l)-forms, respectively, on dM depending on 
a; as a smooth parameter. The norm is given by 

IMP= / (H^ + I/3ID 

J M X 

Since 6-metrics arc special cases of fibred cusp metrics, where the fibration dM B has 
trivial fibres, we cohere with the more general notation of this paper and identify dM with B. 
The induced differential is written ds, and the codifferential, induced by the metric h on B, is 
written 6b- We have 

dx 

duj = dBa-\ A {xdxa - dBl3), (18) 

X 

dx 

doj = Sbu - xd^P A 6bP. (19) 

X 

Finally, the b symbol of D is computed just as in the standard case, so that if C = (^) v) € ^T*M, 
then ''ai{D) = i (^ A • + i^-)- This gives 

Proposition 4. The operator 

D = d + 5: C°°ni{M) — > C°°ni{M) 
on {M,g) is an elliptic b- differential operator of order 1. 

Remark. It is natural to write forms in terms of the b covector fields dyj and ^ , since these have 
(essentially) unit length, but it is also important, since in a poorly chosen coframe, the expression 
of D might no longer be a 6 operator. For example, this is the case if we use the standard basis 
dx and dyj. 

Unlike the usual interior calculus, symbol ellipticity alone is not enough to determine whether 
a b differential operator P is Fredholm. For this one must also use another model for P, called 
the indicial operator Ip. This operator acts on functions on By x R+ and is invariant with respect 
to dilations in s; for a general P written as above. 



j+\a\<m 



a,,^{y){sdsyd^;. 



To analyze this operator we use its dilation invariance. Thus conjugating Ip by the Mellin 
transform in s. 



u{s,y) I — > UM{l-,y) 



[ s''u{s,y)^, 7eC, 
Jo s 



yields the indicial family, Ipi'f), which is a holomorphic family of elliptic operators on B (when 
P is 6-elliptic). By the analytic Fredholm theorem, this family is either never invertible for any 
7 or else is invertible for all 7 € C \ A, where A is a discrete set of complex numbers, called the 
indicial set, the elements of which are called the indicial roots of P. It is not hard to see that 
the first possibility never holds. We shall use an alternate (equivalent) characterization of this 
indicial set which is more intuitive, and certainly easier to calculate: 

7 e A <^ 3 e C°°(r) such that P{x''(j){y)) = 0{x''+^) where Y = dM. 
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Notice that P{x''(j){y)) — 0{x'^) for all 7 and cj), and so 7 € A if and only if there is some additional 
cancellation, which arises precisely when there is an element s'^ <j){y) in the nuUspace of Ip. 

Again we illustrate this through the operator D. Since we are assuming that h does not depend 
on X in lA^ we can identify Id with D near (3M , and so all approximate solutions of Duj = in 
the sense above are exact solutions in this boundary neighbourhood. Now write lj — lo'x^ ^ where 
uj' = a' + ^ hP' and neither a' nor /?' depend on x. Then by (HHJ, lHH), in U, 

D{uj'x-<) = x^Id{i){lo') = x'' [osa' - 7/3' + ^ A (7a' - DbP')^ ■ (20) 

Hence 7 is an indicial root if and only if there is a solution lu' of the equations 

Dea = -ff3\ DbP' - ia\ (21) 

which implies 

Asa' = 72a', AbI3' = 7'/3'- (22) 

Thus 7 is an indicial root of D if and only if 7^ G spec (As) on il*{B). Note that the operators in 
H22|l preserve the form degree, and so are easier to analyze than the operators in (|21|l . However, 
arbitrary solutions of H22|l do not necessarily satisfy H21I) : in other words, we must be cautious 
not to introduce spurious indicial roots by all solutions of the decoupled equations. From the 
Kodaira decomposition on il*B, the only coupling in H21(l is between closed fc-forms and coclosed 
{k — l)-forms for each k. Thus let 4>j and ipj be a complete set of eigenforms for As on coclosed 
(k — 1)- and closed fc-forms, with eigenvalue and such that ds^j — Xj^Jj, SbiPj — Xj(j)j for 
Aj ^ 0. Writing 

then H21|l gives 

JUj = jPj — XjCij, 

which implies 7^ = A|, as expected. We see finally that 

= E { + ? A Pt) + (-7 + A ^i) } ' (23) 

where , are both eigenforms of A^ with eigenvalue A^ . We have proved 

Proposition 5. The indicial set A for the operator D with respect to a b-metric g consists of the 
values ±A, where A^ £ spec(As) acting on ^ri*[M)\g. 

Note here that these calculations seem to leave open the possibility that is a double root, 
which would allow for the possibility of solutions of the indicial equation of the form oj = lo' logx-l- 
Lo"x^ . However, (|20|l admits no solutions of this form, and so we see that the double root is 
spurious and arises merely from the algebraic calculations above. 

We conclude this section by discussing some general mapping properties of h operators on 
weighted spaces as well as regularity results for their solutions. Proofs of these theorems may 
be found in |56j . 

Let Ll{M) = L'^{M, ^^); this is the same as L^{M, dVg) if g is any b metric. We also define 
Hl;{M) = {ue Ll{M) : Vi ■ ■ ■ VjU e Lg(Af ) V j < ^ and K: e V4, 

and 

x^H^{M) = {u = x'^v -.v Hl{M)}, 

whenever ^ G N and 7 G M. 
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Proposition 6. Let P be an elliptic differential h operator of order m, acting between sections 
of the vector bundles E and F over M , with indicial set A. Then the mapping 

P : x^hI+"\M- E) — > x^HiiM- F) 

is Fredholm if and only if j ^ {i?e(C) : C G A}. 

To state the final proposition, we introduce the important subspace of polyhomogeneous 
distributions, sitting in the space of conormal distributions: 

-4;hg(M) ^{ue A*iM) -.u^ J2 n,k{y)x'^^ {\ogxf u,k G C°°(9M)}. 

Rc 7j — >oo k—0 

These expansions are meant in the standard asymptotic sense as a; — *■ and hold along with all 
derivatives. The superscript * here may be replaced by an index set / containing all pairs (7^, k) 
which are allowed to appear in this expansion. 

Proposition 7. If u ^ x^Ll{M\E) and Pu = 0, then u G ^pjjg(Af ; £'), where I is an index set 
derived from the index set A for P truncated below the weight 7. If Pu = f where u G x'~' L'^{M] E) 
and f G A'' (M;F) for some 7' > 7, 7' ^ ReA, then u — v + w where v G Apy^^{M;E) and 
w G ^t'(M;F). 

The powers 7 appearing in the polyhomogeneous expansion in this proposition are of the form 
7j + £ where each jj is an clement of the index set for P and ^ G Nq . Logarithms can arise either 
from indicial roots with multiplicity greater than 1, or else (as in classical ODE theory) when two 
indicial roots differ by an integer. For more details on this, see jKHj. All the roots we encounter 
in this paper are of multiplicity one 1 (although this fact does not really affect the arguments 
much), and we shall justify this in the various cases below, as we did following Proposition [51 

These results about b operators may be proved in a variety of ways, some fairly elementary. 
For example, see j2j for the analysis of Ag on cylinders using separation of variables. We refer, 
however, to and for proofs based on the calculus of b pseudodifferential operators. This 
general theory is quite flexible, and is ideally suited for the proofs of more general index theorems 
in the b category. A thorough treatment of this calculus, along with many applications, is given 
in [SSI- 

We shall not need to know much about these operators beyond their mapping properties, but 
for the sake of completeness, we say a few words about them. The calculus ''^'*(M) is designed 
in part to contain parametrices for elliptic 6-operators. Elements A G 'I'^(Af) are characterized in 
terms of the structure of their Schwartz kernels ka- Each such ka is a distribution on = MxM 
with singularities along the diagonal and side faces of this double space; kernels of elements in 
^5'*(M) are characterized by the fact that they lift to distributions on a resolution of Af^ 
with only polyhomogeneous singularities. This resolution is the normal blowup of Af^ along its 
corner and is obtained by replacing the corner {dM)"^ by its interior normal spherical bundle. 

4.2 Analysis for scattering metrics and operators 

We next consider scattering metrics on M. The analysis of general elliptic operators in the 
scattering calculus is considerably more subtle than for operators in the b calculus, but because 
we only consider the Hodge-de Rham operator, various simplifications permit us to reduce directly 
to the 6 calculus. (Later in the paper, however, we shall need to use the calculus of fibred boundary 
pseudodifferential operators, which is much closer in spirit to the scattering calculus than to the 
b calculus.) 

Recall that a scattering metric g has the form g = g' jx^ ^ where is a 6 metric. We define 
the Lie algebra Vsc of scattering vector fields to consist of all smooth vector fields on M which 
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have bounded length with respect to any scattering metric g. Clearly 



Vsc = xVb = {V -.V = xW, W ^ Vb}\ 

alternately, in local coordinates (x, j/i, • • ■ , j/n-i) near 9M, Vsc is spanned by the vector fields 
x^dx and xdy. . By definition, these form the full set of sections of the scattering tangent bundle 
^'^TM; its dual, ^'^T*M, is locally smoothly trivialized by the sections 

dyi dy„-i 

X'^ X X 

The space of smooth sections of the exterior powers of this bundle is C°°il*^{M). Thus any 
Lu G C°°rt*^{M) can be written as 

--E-=E(5 + $A§3i)^ a.,/?.-.eC- (24) 
An advantage of this normalization is that 

dxdy 



JM ,, 



r-n+l 



An operator P is a scattering differential operator if it can be locally written as a finite sum 
of multiples of elements of Vsc : 

P= E aj,o,(x,y)(x^dxy{xdyr, a^.o^^C^iM). 

j-\-\a\<ni 

Its scattering symbol is defined as 

^'-f-[Q I —m 



P is elliptic in this calculus if this symbol is invertible for (^, 77) ^ 0. 

The analysis of (A — X)u = is quite different when A is negative or positive; for example, 
in the former case, solutions decay rapidly while in the latter they oscillate with slow decay as 
X — > 0. Accordingly, the nature of the resolvent changes dramatically when A £ spec (A) cf. 

1311 • Because of this, the general theory of parametrices, mapping properties and regularity 
theory for elliptic scattering operators is fairly complicated. Fortunately we can sidestep this 
calculus by virtue of the 

Proposition 8. If g is a scattering metric on M , then 

D = d + 5: c°^n;^{M) — > xC°^n;^{M) 

is an elliptic first order scattering operator of the form D = xD' where D' is an elliptic first order 
h- operator. 



Remark. It seems initially somewhat confusing that D' is a 6-operator when acting between 
sections of the scattering form bundles (normalized as above), but not when acting between 
sections of the 6 form bundles. We can understand why this is true, however, when we consider 
that the endomorphism dx/\ has the same operator norm on forms as the does the form dx. This 
norm depends upon the metric on Af. Thus dx/x is a unit norm endomorphism on the bundle 
of forms when M has a &- metric, whereas dxjx^ is the unit endomorphism on the bundle of 
forms when M has a scattering metric. There is a similar shift in the power of x in the other 
coordinates, so in the scattering case, an extra power of x is absorbed into the denominator of 
the endomorphism part of the Laplacian. This makes D' a 6-opcrator on the bundle of scattering 
forms although it is not as an operator on the bundle of 6-forms. 
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Proof. Write uj G C°°n*^{M) as in ^ and set a = J2'^k, = J2 Pk- Then a brief calculation 
gives 

^ - a;25a;/3fc + (ri - fc - l)a;/?fe , dx x^d.^ak - kxau - x{DBl3)k\ 
^- = L(^ + j' (25) 

where {DsCjk is the component of degree k of I?_bC for Q — a ov (3. This shows immediately that 
D' = x~^D is a 6 operator; it differs from Dgi, where g' = x^g is the associated b metric, only in 
terms of order zero. Of course, these affect the indicial set A markedly. □ 

The mapping properties of D and the regularity properties of its solutions may be deduced 
directly from the corresponding properties for D' in Propositions |S1 and [7| Note, however, that 
the extra factor of x causes a shift in the weight of the function spaces. 

Proposition 9. Suppose g is a scattering metric, so that D = xD' as above. Let A denote the 
indicial set for D' . Then 

D : x-^H'.+'ntM) x'^+'Hint.iM) 
is Fredholm for any i' G No and 7 ^ {3ft(A) : A e A}. 

Proposition 10. If u ^ x'^ L'^Vtl^{M) for any 7 e R and Dcu = 0, then uj e ^^i^gO*<.(Af), where 
I is some augmented index set determined by the indicial set A of D' and the cutoff weight 7. //, 
on the other hand, Dlo — rj where rj G x'^ '^^A*ft*c{M) for some 7' > 7, then oj = oj' + u)" with 
J e Al^^^l,{M) and J' e A'^^^K,{M). 

We conclude this section with a computation of the relevant part of the indicial set A for D' . 
As in the b case, this set is determined by the spectrum of A^, but the computation is more 
intricate. 

First, define the numerical operators A^i and N2 

Nipk = {n-k- N2ak = -kuk 

(i.e. Ni and A'2 are diagonal on Q.*{B) with respect to the decomposition by degree). Let 

Ettfc , dx (3k-i 

where all aj and Pj are independent of dx. Then D{x^uj) = x'^+^/^j' (7)(a;) where 



k 

Writing / for , this vanishes when 



/ {DBa + (iVi - 7)/3)fc ^dx^ {-DbP + {N2 + l)a)k-i 
\ x'^ x^ x^^^ 



13 J ~ \ N2+J -Db J \ P J V 

Although this equation seems strongly coupled, and hence difficult to analyze, computations 
can be simplified using the special structure that A = preserves degree. On the indicial level 
this gives 



/(7 + l)/(7) 



a\ / Db iVi-7-lW Db Ni-^\(a\^(Q 
13 I A^2 + 7 + 1 -Db \N2+i -Db \ P I 



Multiplying out this matrix of operators and using the easily verified fact that 

[DB.Nj] =dB - Sb, 
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we have 



\ 25b AB + (iV2 + 7 + i)(^i~7) y V /5 / voy 

The coupUng here occurs only between closed k forms and coclosed (fc — l)-fornis. 

We shall not need to calculate all the indicial roots of D' , although this can be done readily 
from these formulae. Instead, we focus on the special value 7 = n/2 — 1. This is a critical value 
in our calculations because x"/^ is just on the border of lying in Lp'{dVg) = L^{x~"'~^dxdy) and 
we shall need to analyze the map D : x^^^L"^ x'^ L"^ for 7 near this borderline value. Thus, 
setting 7 = n/2 — 1 gives 

(iVi - n/2){N2 + n/2 - l)ak = {n/2 -k- ifak. 
{N2 + n/2){N2 - n/2 + l)(3k-i = {n/2 -k + l f(3k-i. 

Hence, if w lies in the nuUspace of l£i{n/2 — 1) then for all k we have: 

(As + (n/2 - 1 - kf )ak + 2dBf3k-i - 
(As + {n/2 + 1 - fc)2)/3fe_i + 2dBak - 0. 

Decompose these equations using an eigendecomposition for As such that = aipk, Pk-i — 
b(f>k-i, where both ipk and (j)k~i are eigenforms with eigenvalue > and d(f)k-i = Xipk, 
Stpk = X(l)k-i- Then 

/ A2 + {n/2 - 2A \ f \ - f ^ \ 

y 2A A2 + (n/2 ^k + l)^ ){ b J J' 

and so there are nontrivial solutions only if this matrix is singular. Its determinant equals 
(A^ + (n/2 — fc)^ — 1)^, hence there are no solutions unless \k — n/2| < 1. First, if A = 0, then 
k — n/2 ± 1, and the nuUspace consists of harmonic forms a„/2-i and /3„/2+i- Next, if A^ = 1 is 
in the spectrum of A^, then there are solutions for and only \ik = n/2, and elements of 
the nuUspace of I{n/2)I{n/2 — 1) are obtained by taking a + 6 = 0. Finally, there are solutions 
of a similar type when fc = (n ± l)/2 and A^ = 3/4 G spec (As). One can then verify that only 
the solutions corresponding to A = also lie in the nuUspace of I {n/2 — 1), hence these are the 
only ones which appear in the poly homogeneous expansions for solutions of Dlo = 0. 

Note that 7 = n/2 — 1 is not an indicial root of multiplicity two. As in the h setting, this 
follows by checking that there are no solutions of (|26|l of the form lu' \ogx + w". 

We conclude these computations by noting that iiu £ L^{dVg) satisfies Dlu = 0, then D^uj = 
and the usual integration by parts, which is justified in L^, gives du; ^ 6u! — individually. To 
relate this to the preceding calculations, this implies that if 7 > n/2 is an indicial root ior x^^D, 
then it is also one for both x~^d and x^^S (and conversely), and these are much simpler to 
compute. In fact, 

r / N sr^ f dB^k , dx {'J - k)ak - dBl3k-i)\ 

4-.,(7)(-) = y: + - A — j 

k ^ 

and 

r / N s-^ f Ssak + {n - k - j)(3k-i , dx -fe/Jfe-iN 
Vi5(7)(^) - [ + — ^ ) ■ 

Hence lo is in the nuUspace of both these operators provided dBCt = SbP — and also 

SBCik = -{n - fc - 7)/5fe-i, dB(3k-i = (7 - k)ak. 
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Thus Qffc is closed, (3k-i is coclosed, and both are in the nuUspace of Ab + {j — k){n — k — j) . On 
an eigenspace with eigenvalue for Ab we must have 

7^ - n7 + {k{n - k) ~ A^) = 0, 

and by assumption above we must choose the root which is greater than n/2. (Of course, solutions 
of these equations, no matter the value of 7, give indicial roots of x^^D, corresponding to non-L^ 
solutions. The point of the earlier calculations is that there are other indicial roots, corresponding 
to solutions which are not individually closed and coclosed.) In summary, these comprise the 
subset 

A' = {-/f : roots of 7^ - 717 + k{n - k) - \] =0, A^ e spec(As)} (27) 

inside the possibly larger set of all indicial roots of x^^D. Note in particular that when A| = 0, 
= k,n- k. 

4.3 Hodge theorems for b and scattering metrics 

Having assembled these analytic facts and calculations, we now complete the proofs of the Hodge 
theorems for b and scattering metrics following the outline from the compact case. We invert the 
usual order of presentation and discuss first the b case, which specializes Theorem 2, and after- 
wards the scattering case, which specializes Theorem 1. These results equate Hodge cohomology 
with weighted cohomology only; Corollary 01 shows that the results are indeed the same as stated 
in Theorems 2A and lA, respectively. 

Theorem 2B. Let g be an exact b metric on the manifold M . Then for sufficiently small e > 
and for every k = 0, . . . ,n, there is a canonical isomorphism 

$ : L^n^{M) — > lm.{WH^{M,g,e) — > WH''{M, g, -e)). (28) 

Proof. As in the compact case, if w £ L^7i''{M), then dco = 0. Further, by Proposition |7| and 
(12311 ■ uj is poly homogeneous, with an expansion of the form '^Lu^(y)x^'^^ , where the tangential 
and normal parts of lu^ are eigenforms on dM with eigenvalue A|. Since a; G we see that 
all coefficient forms uj~ vanish, as do those uj^ — corresponding to values of j with Xj — 0. 
Hence w = a + ^ A f3 where a,/? = 0{x-), where A = inf{|Aj| 7^ : A| e spec(As)}. Thus 
[u)] G WH^{M, g, e) is well-defined provided e < A. 

If cj G L^n^{M) and $(w) = 0, then lu = dC for some ( e x-'L^n^^^M). Computing 
cohomology with the complex of conormal forms as explained in §2, we can take ( = fj, + ^ A i', 
where ^, G ^^'^([0, l)^; x B; /\*{B)). In the integration by parts =< w, dC >=< Su, C >— 

0, the boundary term equals limj,^o < a, >b, and this vanishes since e < A. Hence lo = and 
so $ is injective. 

Next, by Proposition [HI the map 

D : x-^Hln^M) — y x-'L^n*{M) (29) 
is Fredholm when e G (0, A). This gives the decomposition 

x-'L'n*{M,dVg) = (ran Dl^.^,^,) © (ran i^L-.^^o*)^ ■ 

The second summand on the right is finite dimensional, and could be replaced with any other 
finite dimensional subspace of x~'^L^ft* which is complementary to the range of D, since the 
orthogonality of this decomposition does not play any role. In particular, we claim that we 
can replace this term by L^7i*{M). To see this, note simply that the natural pairing between 



21 



x~'^L?'Vl* and x'^L^W identifies the orthogonal complement of the range of D on x^'^Li^Vl* with 
the nuUspace of D on x'^V^W , which equals L'^H*{M). In any case, we have shown that for any 
■q G x~'^L'^rt*, there exist elements C e x~'^H^Q,* and 7 e L'^H* such that 

7? = L'C + 7- (30) 

Now we prove surjectivity of <I>. Fix any [77] in the space on the right in (|28|l and choose a 
conormal representative 77 S A'^ft* for it. Decompose 77 as DC + ^ as above, in the space x^'^L^Vl* . 
Proposition[7| shows that C, is partially poly homogeneous, i.e. it is a sum of a finite number terms 
of the form C,j/ x"'^ (loga;)^ and a term G A'^il* . All exponents aj lie in the interval (— e, e), and 
because we can choose e as small as desired, we may assume that the only terms which appear 
have aj = 0. The remaining terms correspond to solutions of the indicial operator Id{0), and the 
analysis in §4.1 shows that is an indicial root of multiplicity one, so no log terms occur. Thus 
C = Co + C where /_d(0)Co — 0; writing Co /^o + {dx/x) A vq then both /iq and i^q are harmonic 
on B. 

As in §3, to conclude that SC = we must check that all three terms, {SCrj), (SCj) and 
(JCjC^C); vanish. This is true formally, i.e. integrating by parts and neglecting the boundary 
terms, so it suffices to check that these boundary terms also vanish. For the first two this is 
straightforward since |C| is bounded and both rj and 7 vanish at a; = 0. For the final term, the 
boundary contribution is 

/ d(CA*(5C)= / I-Lq Ads *B 1^0 =< fJ-o,SB'^o >B, 
Jm Jb 

and this vanishes since i^o G L^'H*{B). Hence 5( — 0, and so 77 = dC + 7, as required. As in the 
compact case, there are only forms of degree k here. This finishes the proof. □ 

Now suppose that 



is a scattering metric on M 

Theorem IB. Let g be a scattering metric on M . Then for any e > sufficiently small, there 
is a canonical isomorphism 

$ : L^n'^iM) — > luY{WH^{M,g,e) WH''{M, g, -e)). (31) 



dx"^ h 

5 = — + — 
X x'^ 



Proof. If w e L'^n''{M,g) then duj = 0. By Proposition (0, w G A^n^^{M) for some A > 0. 
Hence [w] £ yVH'^{M,g,e) is well-defined provided < e < A. Thus $(w) is well-defined. 
Suppose <I>(a;) = 0, so that uj ^ dC, for some C, G x~^~^ L'^Vl^'^ . Write 

a dx (3 ^1 dx V 

We may assume that C is conormal, and hence that \v\ G 0(0;"/^+'^ ^^) for some e' > e. This 
implies that lim^j^o < x^'^+V, >s= 0, whence \\uj\\^ =< dC,,u! >=< C,,5uj >= 0. This 

shows that lj = and thus $ is injective. 

The surjectivity argument proceeds as before. Since 

D : x-'-^Hln*{M) — > x-^L^QTiM) 

is Fredholm, we have 

x-'L^Q.*{M) = (ranZ?|^_,_i^i) © (ranZ?|^_,_i^i)^ . 
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The same argument as in the b case identifies this orthocomplement with L^H*. Now let 77 G A'^fl* 
represent a nontrivial class [77] in the space on the right in (|31|l . Write 77 = D( + 7, 7 G L^H*; 
by Proposition llOl is partially polyhomogeneous and is a finite sum of terms Cj,i^'^^ (logx)^ and 
some C G A'^il*^. By taking e small enough, we can eliminate all but the term of weight n/2 — 1, 
and by the computations in §4.3, this indicial root occurs with multiplicity one so there are no 
log terms. In fact, those computations give that 

where a„/2-i and (in/2+1 are harmonic on B. Using the same reasoning as in the previous proof, 
we see that the boundary terms in the integrations by parts {SC, i]) = (C, di]) and {SC, 7) = (Cj d"/) 
both vanish. Since drj — dj = 0, these terms vanish altogether. Finally, {SC, d() equals the sum 
of the (vanishing) interior term, (Cd'^C) — Oi and a boundary term. Since d and 6 are both x 
times 6-operators, d(' and 6C,' both decay, so only Co contributes. This boundary term equals 

/ dCo A *(5Co = ± / d(Co A d * Co) = ±(a„/2-i, <5b/3„/2+i) = 0. 
Jm Jai 

Hence 6( = 0, and finally, rj = d( + j where 7 G x^'^^^L'^fl'^"^ and 7 G L'^H''. □ 



5 Fibred ends 

We now turn to the general case where both the base and fiber in the fibration of dM are nontriv- 
ial. As in the b- and scattering cases, we must: determine the explicit structure of D, calculate 
its indicial roots, and understand its mapping properties and the regularity (polyhomogeneity) 
of elements of LF'Ti* . For the construction of a parametrix for I?, we invoke the fibred boundary 
calculus of pseudodifferential operators, as developed in and extended in |S7]. This serves as a 
replacement for the 6-calculus in this context, but is more intricate. To help mitigate the analytic 
requisites, we include a discussion of this parametrix construction in the very special case where 
AI is a global product and the fibred boundary or fibred cusp metric respects this decomposition. 
Although the Hodge theorems in these cases follow directly via a Kiinneth theorem from those 
for b- and scattering metrics, we sketch an explicit parametrix construction for D in hopes that 
this gives some insight into the more general case. 

We begin with a general discussion of the fibred boundary calculus, and then proceed imme- 
diately to a discussion of D and its parametrix in the product case. This is followed by a review 
of the geometry of fibrations and the structure of D in the general case. The identifications of 
Hodge cohomology with weighted cohomology are then proved, as usual following the general 
line of argument from §3. The final subsection relates the weighted cohomology to intersection 
cohomology. 



5.1 The fibred boundary calculus 

Suppose that (/> : F = dM — > _B is a fibration with fiber F, dimi? = b and dimF = /. Fixing an 
extension of this fibration to a collar neighbourhood U of dM in M, we choose a fibred boundary 
metric 

dx'^ (l)*(h) , 

9fh = H 5 V kp, 

x^ x'^ 

where /i is a metric lifted from B and kp vs, & symmetric 2-tensor which restricts to a metric on 
each fibre. There is an associated fibred cusp metric ^fc = a;^5fb- These metrics stand in the same 
relationship to one another as do scattering and h metrics. As we saw in those cases, only the 
h calculus (but not the scattering calculus) is required to analyze the operator D in both cases. 
Similarly, the fibred boundary calculus is enough to analyze the Hodge-de Rham operators for 
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both (7fb and gic- (Indeed, there is no calculus directly associated to gic, for reasons indicated 
below.) 

The fibred boundary calculus relies on the choice of a 1-jet of the defining function x along 
the fibres at dM. Making such a choice, define the Lie algebra of fibred boundary vector fields 

Vfb = {V^ e Vb(M) : V tangent to fibres F at dM, Vx = 0{x^)}. 

To understand this more clearly, choose local coordinates {x,y,z) where y are coordinates on B, 
pulled back to Y via </) and then extended into the manifold, z are functions on Y which restrict 
to coordinates on the fibres, similarly extended inward, and x is in the given equivalence class of 
defining functions. Then Vfb is spanned locally over C°° by the vector fields x'^dx, xdy. , dz,,- If 
(i, y, z) is a new choice of coordinates adapted to the fibration, then transforms into a vector 
field with one component equal to {dx/dz)dx, and this explains why we need to fix the differential 
of X along each fiber, in order that the coefficient here vanish to second order. 

In contrast, the vector fields associated to a fibred cusp metric are xd^, dy-, x~^dzt \ these are 
singular, but much more seriously, their span is not closed under Lie bracket. Involutivity is a 
basic requirement in the microlocalization procedure leading to the construction of the associated 
pseudodifferential calculus, and this explains why there is no separate fibred cusp calculus. The 
elements of Vfb constitute the full set of sections of the fb tangent bundle ^TM. We use its dual, 
the fb cotangent bundle, and the bundle of fb exterior forms, Afb(^'^)- Thus, in the coordinates 
above, 

1=0 j=o 

where is a sum of wedge products of i-forms in y and k — i forms in z and Pj is a sum of wedge 
products of j-forms in y and fc — j — 1 forms in z, all of which are smooth in the ordinary sense 
on M. (This decomposition is recast more invariantly later.) 

We now define the space of fb differential operators on M, the associated (p symbol, and finally, 
the corresponding notion of symbol ellipticity. This leads to the 

Proposition 11. For an exact fibred boundary metric, the Hodge-deRham operator D = d + 5 is 
an elliptic first order fibred boundary differential operator. For an exact fibred cusp metric, the 
operator D is of the form x~^D' where D' is an elliptic first order fibred boundary operator. 

Elliptic fibred boundary operators may be analyzed using the calculus of fibred boundary 
pseudodifferential operators from We shall use the elaboration of this theory developed 

by Vaillant . He constructs parametrices for any Dirac-type operator associated to a fibred 
boundary or fibred cusp metric, and in particular proves 

Proposition 12 (|K7|. Proposition 3.28). Let V be a Dirac-type operator associated to a fibred 
boundary metric (for example, either D or D' above). Suppose that u G x'^ L'^fl'^{M) satisfies 
Vuj^O. Thenu (EAl^^gn*^{M). 

We also require a replacement for the other parts of Propositions [7| and El as well as replace- 
ments for the basic mapping properties, as in Propositions and The precise forms of these 
results in the fibred boundary setting are somewhat different, and as explained in the preamble 
to this section, to motivate these results we shall take a detour and investigate the mapping and 
regularity properties for product metrics. This involves little more than rephrasing the corre- 
sponding results for b and scattering metrics, but is included to help orient the reader. We also 
include a discussion of the indicial root structure for D in these two cases; the computations are 
more transparent in the product cases, but the general results are qualitatively the same. 
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5.2 The product case 
5.2.1 Fibred boundary metrics 

Suppose that M = N x F, where dN = B, and fix a fibred boundary metric g on M which is of 
the form g' + k where g' is a scattering metric on N and A; is a metric on the compact manifold 
F. 

We write Y = DM = B x F. Since TY spHts canonically as TB © TF, we have 
l\^T*Y = A^'"^, /\P'''Y = /\PT*B(E,/\''T*F. 

p+q=k 

k 

Thus any u> € /\ M can be written as 

- = ^ + 5a^, where a e ^ A'^'^Y, P e ^ A'-^'^Y 

j 3 

depend parametrically on x. 

The Hodge-de Rham operator D = Dm acts on lo, regarded as a column vector (a,/3)*, as 



-x'^d^ + {h-k + l)x\ f xDb+Df 

x'^d.^ -kx / I -xDb - Dp 



(32) 



Here Dp acts on a (p, q) form ryAi^ as {—lYrjfx {Dpv). In the more general (nonproduct) case, D 
has a similar decomposition, but the second matrix has extra terms coming from the nontrivial 
geometry of the bundle. 

The space of harmonic forms on the compact manifold F is finite dimensional. Let 

no:L^n*(F) — >L'^H*{F), n_L = 7 - Hq 

be the natural orthogonal projectors. These extend naturally to i^nj^(M), and we have 

Dm = noi^MHo + nxDMHo + W^Dm^^ + ^i^DM^a^- 

Since [fMiHo] = in the product case, the second and third terms vanish and this reduces to 

Dm = ^qDm^o ® n_Lr>Mn_L. 

We use this decomposition to construct a parametrix for Dm- First 

no-DMlIo = Dn <^l^H'{F), 

and so by the theory from §4.1 and 4.2, if a € M is not an indicial root for x~^Dm, this operator 
is Fredholm as a mapping from x°'L'^Q,* x"'^^ L'^fl* . We write the generalized inverse as 

: x^+^L^n^^iN) ® n*iF) x^H^fl'^iN) ® W*(F). 

The second term in the decomposition of Dm has square An +II±Af^±- Since > and 
n_LAirnj_ > c> 0, we have that n_L-DMn_L : ar^iJ^n^ ^ x^L'^n^ is an isomorphism for any a. 
Thus for any a we get 

= (n_L£'Mn_L)-^ : a;"n_LL^f2^(M) — > a;''n_Li7^f2^(M). 

Altogether, we have proved that 

© Gl = : x''+'^noL^n*a^{M) © x''n_LL^n*(i,{M) — > a;"i7^r2^(M) 
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is bounded. Clearly / — G°'Dm = is the projector onto the nuUspace of Dm in x'^L'^ilJ^, 
which is the same as the nullspace of XIqDm^o, i-e. L'^H*{N) ® H*{F). By Proposition [101 
maps x°'L^ into the space of polyhomogeneous fiber harmonic forms. We emphasize that 
the indicial roots for Dm are exactly the same as for Dpf. In particular, the 'critical' root 
i dim — 1 = (6 — l)/2 has multiplicity one! 

In summary, we have proved that the mappings 

Dm ■■ x^H^ni^iM) — > a;°+inoL^17f*b(M) © x''I].^L'^n*^{M) (33) 

and 

Dm ■■ x''-'^UoH^n*^{M) © x''Il^H^n*^^{M) x''L'^Vtl^{M) (34) 

are Fredholm when a, respectively a — 1, is not an indicial root of _Djv- 

The generalized inverse G" has other mapping properties. Suppose r/ = -Da/C where rj G 
A^ni^iM) and C e x^-^noH^ni^iM) © x=n_Lff4(M) for some c < a. Then in fact C e 

no^;hgf^^(M) + ^-i]^(A/). 

5.2.2 Fibred cusp metrics 

Now suppose that M — N x F has a fibred cusp metric gtc] notice that this is a warped product 
(since kp is multiplied by x^). We obtain a parametrix for the associated Hodge-de Rham operator 
D as above. Write all forms in terms of the (essentially orthonormal) coframe, dx/x, dy, xdz, 
and denote the space of forms with this normalization as Thus 

AUM) ^ u; = x''a + — A x''P, where a, ^ G A^^''^'- 

i 

Write u! G flf^^{M) if it decomposes into terms all with fiber degree k. Dm acts on the pair (a, /?) 
as the matrix of operators 



-xd,-if-k)\ fDB + x-^DF 
xd^ + k / I -Db-x-^Di 



(35) 



As before, this splits as Dm = noI?Mno©nj^£)Mn^. If a and (3 are (j, k)- and (j — 1, A;)-forms, 
respectively, then 

U^DmH^^x'D, where D = D^,^+[^ -U^dJu^ 

The diagonal terms in this final matrix are constant in x and invertible on II^L^fij^, and reasoning 
as before, for any a G M, the mapping 

iij_DMiiA_ ■■ x'^n^L'^nKM) — > x'^-^UjLL'^niiM) 

has bounded inverse, . 

On the other hand, UoDm^Iq G DiffJ(iV; f7*^''H*(i^)) is a ^-operator (it has no a; ^dp or 
x~'^Sf terms!), and equals 

Db -xdx -if-k) 
xdx + k —Db 



(36) 



This operator preserves fiber degrees, so we can reduce to any fixed VL*^^{M), for example when 
computing indicial roots. We have 

r Dl-{j + f-k){j + k) 

Anoi3Mno)H7) - I i?|-(7 + /-fc)(7 + fc) 
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The critical exponent in the surjectivity calculation is 7 = and inserting this into the 

expression above gives Z?^ + (/c — //2)^ in both diagonal components. Hence elements in the 
nuUspace are in L^H*{B) and are of fiber degree k = f /2. As before, at this point one also checks 
that —f/2 is not an indicial root of multiplicity two, which simply involves showing as usual that 
(|36|1 has no solutions of the form lj'x^^^^ log a; + lli"x^^ 1"^ . 

In any case, so long as a is not in the indicial set of noI?Afno, then 

HoL'Mno : x^Xi^L^^^XM) — > x^VlqL^^I^^M) 

is Predholm, with generalized inverse Gq. 

Altogether, this gives the generalized inverse 

G"" ^Gl®G\: a;''noi2l7f*,(A/) ® x''-^V^^L^^\^{M) — > x^'H^nUM), 

and / — G'^Dm — is the projection onto the nuUspace of IIoi^Mno at weight a, all elements 
of which are polyhomogeneous. 
In summary, the mappings 

Dm : x^'H^nUM) — > x''UoL'^nl{M) © x''-^U±L'^nl{M) (37) 

and 

Dm : x^IloH^i^UM) © x^+^U^H^nUM) — > x^L^nUM) (38) 

are Fredholm when a is not an indicial root oi Dpj. 

As in the fibred boundary case, if rj ^ DmC where -q e A°-^l^{M) and C e a;'T[oiJ^fiJ'^(Af) © 
x^+^n^HliM) for some c < a, then C G XloAl^^n*^{M) + A'^VL^^iM). 

5.3 Manifolds with nonproduct fiber bundle ends 
5.3.1 Geometry of fibrations 

In this section we review some of the geometry associated to a Riemannian fibration and use it 
to describe the precise structure of Dy- The exposition here is drawn from §10.1 of I^HIj |t>7| . 
and but since the notation in these sources varies considerably, it has seemed worthwhile to 
develop this material in detail. 

Suppose that G = (j)*{h) + fc is a metric on the total space of a fibration Y , where (f) -.Y ^ B 
and (f)^^{h) — Fi,. As before, we assume that k annihilates the horizontal subbundle T^Y, which 
is the orthogonal complement of the vertical tangent bundle T^, and we let : TY T^Y, 
pH . _^ T^Y denote the orthogonal projections. The tangent bundle TB is naturally 
identified via 0* with T^Y, and we denote the lift of a section X G C°°{B;TB) by X. In 
the following, we denote sections of T^Y and T^Y by Ui, U2, ■ ■ ., and Xi,X2, ■ ■ ■, respectively. 
Finally, let denote the Levi-Civita connection of G. 

The extent to which these subbundles fail to be parallel with respect to is measured in 
terms of two tensor fields, the second fundamental form of the fibres and the curvature of the 
horizontal distribution. The second fundamental form is the symmetric bilinear form on T^Y 
defined by 

%(C/i,(72) = (V^^{/2,l). (39) 
We let II(C/i, U2) be the horizontal vector given by 

(II(C/l,[/2),l) =%((7i,t/2), 

and we let IIj^{Ui) denote the vertical vector determined by 

(I%(t/i),[/2) =I%(t/l,[/2). 
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The nonintegrability of the horizontal distribution is measured by its curvature, 

7^(Xl,X2) = P^([Xi,l2]), (40) 

which is tensorial and vertical. We define the horizontal vector iZif{Xi) by 

(7lt/(li),X2) - (7^(ll,l2),C/) = {[Xi,X2lU). (41) 

Four additional facts are used repeatedly. First, the bracket of a vertical vector field with the 
horizontal lift of a vector field from B is again vertical, i.e. 

[x,u] e c°°(y,T^r). 

This is proved by noting that vertical vector fields are characterized by the fact that they an- 
nihilate functions of the form 4>*f, f £ C°°{B). Second, the Koszul formula determines the 
Levi-Civita connection in terms of the metric and Lie brackets: 

{y^,V2,V3) = i {{[Vi,V2iV3) - {[V2,V3],Vi) + {[V3,Vi],V2) + 
Vi{V2,V3)+V2{VuV3) - ^3(^1,^2)} , 

for any Vi,V2,V3 e C°°(r, TY). 

Third, by definition of the induced Levi-Civita connection on the fibres, 

(V^^[/2,C/3)=(V^^(72,C/3). 

Finally, since vertical and horizontal vector fields are perpendicular and because the vertical 
distribution is integrable, 

{[Ui,U2],X) = Ui{X,U2) ^ U2{X,Ui) ^ 0. 

We now determine the vertical and horizontal components of Vy^ V2, when the Vj are, successively, 
vertical and horizontal fields. First, by definition, the horizontal part of V^j^C/2 is 

(V^^C/2,1) =(lI(C/l,C/2),X), 

and also by definition, the vertical part is Vj^^t/2- 

From the Koszul formula and the expansion of X(Ui^U2) using H39|l . 

(V;|[/i, U2) = ([X, C/i], U2) - {llxiUi), U2), 

or in other words, 

P^V^U ^ [X,U] - lljiiU). 

As for the horizontal component of \7^U, most of the terms in the Koszul formula vanish, leaving 
only 

{^'^U,X2) = ~l{[XuX2],U) = -^{TZu{Xi),X2). 

Next, 

(V^X, U2) = -{X, V^^[/2) = -(%(C/i), U2), 
is the vertical part of V^^X and the horizontal part is 

(v^Xi,l2) - {v'~u + [u,Xi],X2) = (v|^;7,X2) = -i(7^c/(Xl),l2). 

where the Koszul formula is used for the final equality. 
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Finally, putting the covariant derivative on the other side of the inner product and using the 
last equality of the previous displayed formula, 

{\/'^X2,U)^^{TZ{X,,X2),U), 

and at last, 

(V|/2,^3) = (Vf^X2,X3), 

where is the Levi-Civita connection on {B, h). This last formula holds because all the terms 
in the Koszul formula expansion only depend on h. 
In summary, we have proved 

Proposition 13. The Levi-Civita connection decomposes into vertical and horizontal components 



V^,C/2 = 


V^,C/2 + 

([1,(7] -%([/)) - 


]II([/i,C/2) 




-%([/) - 




I2 = 


^niXi,X2) + 


i^lx^y. 



(42) 



We wish to define a new connection which preserves the splitting of TY. As a first guess, one 
might do this by projecting onto the vertical and horizontal subspaces, i.e. to define VyC/ = 
P^iVyll), S7v{X) = P"{Vy{X), where V is any vector (either horizontal or vertical). The 
formulae above indicate which terms should be subtracted from to accomplish this. However, 
there is another natural choice which turns out to be more convenient for many computational 
purposes, given by using the projected connection on the vertical bundle and lifting the connection 
on the horizontal bundle from the Levi-Civita connection on B. In other words we define 

V := (P^V^) e v-^, 

or even more specifically, 

Vu,U2 - P''{Vjj^U2), V^U = P^(V|[/) = [!,[/] -%(t/), 

VuX = 0, V^,X2 ^ (Vf,^2) . 

We use this connection henceforth. Notice that it differs from the projected connection only in the 
removal of the terms ^TZif{X). One important feature of V vis a vis computations related to the 
families index theorem is that it is in 'upper triangular form' with respect to the vertical/horizontal 
splitting, cf. T. 

The difference tensor Q = — V is given by 

Qu^{U2) = nUi,U2), QxiU) = -iTluiX) 

Qu{x) = -ii^{u)-\nu{,x) QxS^2) = \n{x^,X2). 

We note also that the torsion tensor of V is the negative of the skew-symmetrization of Q. 

We now express the deRham differential dy and its adjoint in terms of V, II and TZ. Because 
the connections and V are both metric connections, they act on 1-forms by duality. That is, 
if (j) is the 1-form given by < w, • >, then Vz0 is the 1-form given by < V^w, • >. The action 
extends to forms of higher degree as a derivation. 

Let Ci, i — 1, . . . , f and rj^, /i = 1, . . . , 5 be orthonormal frame fields for F and B, respectively, 
and {e*}, {77''} the dual coframe fields. It is standard that 

/ b 

=E^*^^e.+E'?''^<' (43) 

2 — 1 fl=l 
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with analogous formulae for dp and d^- Now substitute Vl = V + Q into (|43|l to get first 



and then 

dyTyA" = ds,^'^. (45) 

The last formula initially has many terms, all of which cancel, but the result is no surprise since 
dy^i* = 4>*dB- 

Now extend to forms of higher degrees. First, the splitting of TY induces a decomposition 
A''{T*Y)^ AP''?(r*y), where AP'''{T*Y) ^ AP{{T^Yy) (E) A''{{T"Y)*). 

p+q=k 

We regard the space of sections QP'^Y) as the completed tensor product nP{B) (E)n'J(Y,T^Y). 
By construction, V preserves this splitting. Thus for u; G ilP''^{Y), with u; — (p*{a)Af3, a G ilP{B) 

and f3 G c°°(r,A«((r^y)*), 

dp {(l>*{a) A /3) = {-l)P(t)*{a) A dp/S 

and we also define 

JB0*(a) A/3 = 0*(dBa)A/3+(-l)f0*(a) A A V^^ . 

Rewrite (011) as 

dye^ = dpe^ + dse^ - Il{eJ) - ^7^(e^■), 

where 

II(e-'' ) - Il^y r/^ A , 7^(e^■ ) = 7^,,,, 77^ A 77'' . 
To simplify notation, let R ~ —\T^- Then we have proved the first part of the 

Proposition 14. dy ^ dp + ds + R, 5y ^ 5p + {(Ib)* - 11* + R*. 
The second part is tautologous. Notice that 

dp : f]P'9(r) ^ r2P'«+i(y), ds ■■ np^'iiY) vip+'^-'^iY) 

II : VLP'^Iy) nP+^'i{Y), R : VLP-^iY) Q:p+^^i-^{Y). 

We can deduce some useful information from the fact that both dy and dp are legitimate 
differentials, i.e. their squares are zero. First, there is a Kodaira decomposition on the fibres, so 
any smooth form a on y can be decomposed uniquely and orthogonally as a = dp?] + Spfi + 
where 7 is fibre harmonic. Thus 

Hodp = Uo5p = dpUo = SpHo = 0. (46) 

Second, applying rfy = to a form of pure bidegree and decomposing into bidegrees gives 

r.2 ^ n dp{dB-lI) + (Jfi - II)dF = 

^2^ R(rfB-n) + (dB-n)R = (47) 

^ dpR + Rdp = -(Js-II)2, 

with analogous relationships between the adjoints of these operators. 
Now define the operator 

c) = no(ds-Il)no; 
this acts on the space of fibre-harmonic forms. 
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Proposition 15. The operator d and its adjoint D* are differentials, i.e. = (O*)^ = 0. 
Proof. It suffices to prove only one of these. Recalling that Ho = / — IIj^ , we have 

0^ = Ho (4 - II) 'no - Uo{dB - n)n^{dB - ii)no; 

substituting from l|17jl and using (|^ . this equals 

-UoidpR + Rdp + {dB - u)n±{dB -ii))no = -Uo{dB - u)n±{dB -ii)no. 

Now, dF{dB — Il)no = — {dB — Il)c?_Fno = 0, so for any form a, (ds — Iljlloa = dpil + l^ with 7 
fiber harmonic, and hence Il±(^dB — Il)noQ! = dprj. Finally, 

d^a = -Uo{dB - H)dFT] ^ UodF{dB - = 0. 

□ 

Corollary 5. Let D = O + d* , and suppose that Ba = for some fibre-harmonic form a. Then 
da ~ d*a = 0, and so the terms ap^q of pure bidegree also satisfy Dap^g — 0. 

This follows just as for the usual Hodge Laplacian, for = + dd* preserves bidegree and 

so 

= {D^a,a) = WdaW^ + \\D*a\\'^; 
in addition, we have that both d and 0* commute with B. 

5.3.2 Hodge-de Rham operators in general 

The structure of the Hodge-de Rham operators for general exact fibred boundary and fibred cusp 
metrics is obtained by substituting the expression for dy from Proposition E| into (|32|) and (|35|l . 
To distinguish them, we write i'fb for the operator D m associated to the fibred boundary metric 
(7fb and Dfc for this operator associated to the fibred cusp metric gic- The action of -Dfb on 
to — cajx^ + {dxjx^) A l3/x^~^ G il^*(M) is given by replacing the second matrix in H32|) with 

( DF + xDB-x{II + ir) + x^{R + W) \ 

-DF-xDB+x{II + ir)-x'^{R + R*) )■ 

Similarly, the action of Z?fc on w = x^a + {dx/x) A x^f3 G Vl\^{M) is obtained by substituting 

/ x-^Df + Db- {II + ir) + x(R + R*) \ 

-x-^DF-DB + {II + ir)~x{R + Y{*) ) 

for the second matrix in 1)35(1 . 

As explained in the beginning of this section, the construction of parametrices for Z?tb and 
Dfc requires the machinery of fibred-boundary pseudodifferential operators. The basic strategy 
is the same in that one inverts Ho-DHo and Hj^Z^Hx separately, but now must also show that the 
off-diagonal terms Ho-DHx and Hj^ZJHo, which no longer vanish, play only an insignificant role. 
This is all carried out by Vaillant especially Proposition 3.27 there (although beware that 

the Fredholm result is misstated in the special case Ao = 0) and we shall simply quote the two 
results we need, looking back to the product case for motivation. Before stating these we remark 
that the operators Hq, n_L are only defined right at the boundary. However, the fibred boundary 
structure requires that we have fixed the one-jet of a definining function x along the fibres, and 
this implies that the spaces x'^HqL^ © x'^^^II±L'^ are well-defined for any c G R (because the 
weights only differ by 1). 
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Proposition 16. Suppose that a is not an indicial root for noi^fbllo. Then 

Dfh : x^Hl.iM) — > x^+^IioL^W^iM) © x^-n^^L^ni^iM) (48) 

and 

Dik : x^-^IloH^^l^iM) © x^Uj^Hl^iM) — > x^L^n^^iM) (49) 

are Fredholm. If DfbLO = 0, then uj is polyhomogeneous, with exponents in its expansion deter- 
mined by the indicial roots of UoX^^Dfh^o, while if ri e A°-flfy^{M), ( G x''^^UoH^nff^{M) © 
x''Uj_Hl{M) forc<a and = AbC, then ( e naAl^gn}f,{M) + A'^njf^iM). 

Proposition 17. Suppose that a is not an indicial root for no-DfcIIo. Then 

Dfc : x^-HliM) — > x^'XlfiL^VLUM) © x^-^n^L^^l^iM) (50) 

is Fredholm. If a + 1 is not an indicial root, then 

Ac : x^UoH^niiM) © x^+^U^H^niiM) — > x^L^nUM) (51) 

is Fredholm. If D^c^ — 0, then lj is polyhomogeneous, with exponents in its expansion determined 
by the indicial roots ofn^DfJlo, while if r/ e A'TtKM), C G x'^UoH^ni^iM) © a;=+^n_L-fff^(M) 
where c < a and rj = AcC; then C e no^^^gf2}^(A/) + ^'^17}^(M). 

We remark that the indicial roots for the operators no-DHo, D = Dfb or D[c, are different 
than in the product case because of the term II + II* and because of the action of ds on tlie fiber 
part of forms; on the other hand the term TZ + TZ* is lower order at x = and does not affect the 
indicial roots. 

5.4 Hodge theorems for fibred boundary and fibred cusp metrics 

We now complete the proofs of the identifications of harmonic forms with weighted cohomology 
in the two cases. 

Theorem IC. // {M,g) is a manifold with fibred boundary metric, then for every k there is a 
natural isomorphism 

L^HHM) ^lm{WH\M,g{k,e) ~^WH\M,gfi„-e)). (52) 



Proof. If (jj e L^TL^{M), then Proposition 1161 shows that lu is polyhomogeneous, and hence lies 
in x'^" L'^Vl'^^{M) for some eg > (with polyhomogeneous coefficients). This gives the mapping 

L'n\M)^yVH\M,gfi„t)~^lm {WH'^iM, gf^,, e) ^ WH''{M, gt^,, ~e)) . 

If [lo] — 0, then uj — dC for some ( £ x^'^^^ L'^fl'^^ (M); by the discussion in §2.4, we can 
choose ( to be conormal. Write 

^ _ C(p,q , ^ ^ Pp,q A _ Mp.g , ^ ^ ^P,<! 

^ xP x^ xP ' ^ xP x^ xP ' 

where Ickp^gl, \(ip.q\ = 0(x^ ^'^°') and l/ip,^!, jt'p.gl = 0{x~ ^'^). The usual integration by parts 
gives 

IHP=/ rfCA*.= / d(CAM=lnn/ C A = limj: / ^ A 
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which vanishes, by the decay properties of the /Zp.g and /3p.g. Thus a; = 0, and this proves 
injectivity. 

For surjectivity, we note that for sufficiently small e > 0, the space L^7i*(M) can be identified 
with the cokernel of the map 

Thus we can write 

-e r 2r>* 



X 



So suppose that ry € x'^L^f2fj^(M) is a polyhomogeneous representative for a class in the space on 
the right in Then rj = D^C+l, where ( £ no^;hgrJ|,(M)®n_L^^17f*b(A/) and 7 G L^H*{M). 
In fact, comparing orders of vanishing in x, we see that C = Co + C'l C G •A-'^^fhi^'^) i ^^'^ 
Co ekcr/^„,-lI3,,^o((&-l)/2)• 
Wc must analyze the structure of Co more closely. Acting on pairs (a, /?), the indicial operator 
has the form 



W-^A-.no((^^-l)/2) 



B Ni-{h-l)/2 
N2 + {h-l)/2 -D 



where D = t) +0*. The operators Ni and N2 are defined by Ni(3k = {b — fc)/3fc and N2ak = — fcctfc 
(which agrees with the scattering case since n = b + 1 there). Following the calculation and 
reasoning for the scattering case, we expand in terms of an eigenbasis for and deduce that 
this indicial root has rank 1 and that an element of the nuUspace of this indicial operator has the 
form 



^" \xi^-^)l^ X'^ X<^^+^)/^ ) 



where a(b_i)/2, P(b+i)/2 e kerl 
We now have 



||(5C||' = <7?-dC-7,^C> = <rf('7-dC-7),C> = lim / Co A d * Co 



= lini / a(f,_i)/2 A dy *y P{b+i)/2 = < a(b_i)/2, 5*/3(b+i)/2 + R*/3(b+i)/2 >y ■ 

But R*/3(f,+i)/2 is a ((6 — 3)/2, *) form, so it pairs trivially with a(b_i)/2, so this vanishes. 

The rest of the argument is as in the scattering case. □ 

Theorem 2C. If{AI,gfc) is a manifold with fibred cusp metric, then there is a natural isomor- 
phism 

L^n*{M) — > Im {WH*{M,e) — > WH*{M, -e)). (53) 



Proof. The proofs of the existence of this mapping and its injectivity are nearly identical to those 
in the fibred boundary case, so we omit them. 
For the surjectivity argument, we decompose 



, J. 



So we can write any 77 g x'^ L'^flf^{M) which represents a nontrivial class as 77 = DC + 7; where 
7 e L'^H*{M) and ( e a;~^L^rif^(M ). Since the indicial root 7 = -//2 occurs with multiplicity 
1, we have C = Co + C where (' e A^n^^iM) and 

Co= V(x^a, + -A:r'^/3,)x-//2, 

'^-^ X 

k 
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where ak and (3k are independent of x and dx. Matching up powers of x in rj — DQ + 7, we find 
that Co is in the nullspace of the operator /j,', O' — no-DfcHo, which acts on (*, k) forms by 



© k- f/2 
k-f/2 D 



This imphes that a and /? must both be forms on B with coefficients in Ti.^^^(F) and in the kernel 
of D. Thus the boundary term in the integration by parts vanishes as in the fibred boundary 
case. □ 

5.5 From weighted cohomology to intersection cohomology 

To prove our main theorems, we must relate the weighted cohomology groups appearing in the 
statements of Theorems IC and 2C to intersection cohomology groups. Most of the work has 
already been done in §2.3, so it remains only to reinterpret the answers. 

The statement for fibred cusp metrics is slightly simpler, so consider that case first. We have 
proved that when {M,g) is a fibred cusp metric, then 

L^TiTiM) = Im(l^iJ*(M,e) — > WH*{M,-e)). 

Using Proposition 12 this is equivalent to 

L'n*{M) = Im(/i/[:^(^/2)](X,i?) /i/f_,^(^/2)](X,B)), 

where X is the compactification of AI defined in the introduction. The two spaces on the right 
correspond to intersection cohomology with the middle perversities 

, 1^ f ^ / odd -,r . f ^ / odd 

|_ ^ / even I 2 ~ -'^ J ^^^^ 

respectively. This proves the main 

Theorem 2. Suppose {M, g) is a manifold with fibred cusp metric. Then 

L^n*{M) = lm{lH;^{X, B) IH^X, B)). 



We remark on a few special cases of this result: 
If / = (i.e. {M,g) has cylindrical ends), then 

^ff[:+(//2)](^, B) = H*iM, DM), B)) = H*{M), 

and so we recover the image of relative in absolute cohomology, as already proved in §4. 

If dim F — f > 0, then the two spaces on the right coincide when / is odd, or even if we only have 
H^/'^{F) = 0, i.e. {X,B) is a Witt space. In either case, L'^H*{M) equals the (unique) middle 
perversity intersection cohomology IH^{X, B). 

We can see this simplification directly from the analysis in the last section. Recall the decom- 
position ry = dC + 7 for the closed form 77 G A''n'^^{M). We have ( = Co + C where C' e A''n*i^{M) 
and Co is the sum of puUbacks of form on B wedged with an element of H^^^{F). But the as- 
sumption that X is a Witt space gives Co — 0, and hence [r]] = [7] already in WH{AI, gfc, e). 
Thus in this case 

WHiM,gi,,-e) = WH{M,gi,,e) = WH{AI,gf,,Q) = L''n*{M), 
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and all these spaces are finite dimensional. This already follows from (68,, Corollary 2.34. Finally, 
the discussion in §2.3 shows how to interpret this in terms of intersection cohomology. 

However, when H^/'^^F) ^ the unweighted cohomology is infinite dimensional, and the 
two middle perversity intersection cohomologies are different. In this case, some sort of more 
elaborate analysis, as we have carried out in this paper, is needed. 

We obtain the Hodge theorem for fibred boundary metrics by a translation from the fibred 
cusp case. To do this, first rewrite the isomorphism 

L^n'^iM) ^ Im(Wi/'=(M,5fb,e) ~^ WH'' {M, gt^, ~e)) 

in terms of weighted cohomology for the associated fibred cusp metric gfc = x^g^b. This gives 

L^n^{M) ^ Im {(WH''{M,gfc,n/2 - k + e) — > WH''{M, g{c,n/2 - fc - e)), 

and hence by Proposition |21 we get 

Theorem 1. If{M,g) is a fibred boundary metric, then 



We list the various cases: 

Suppose b is even. Since n = 6 + / + 1, this is the same as n + / is odd, and then the two groups 
are the same, so that 



H^{X,B) 
im_^{X,B) 



IH^{X,B) 
H^{X\B) 



A: < I 

k — n 
k > n 



Just as in the fibred cusp case, when b is even, the form Co which arises in the surjectivity 
argument must vanish since it lies in ri(''^i)/2.* = {0} on the boundary. Hence the map $ is now 
surjective onto WH*{M,gfh,e). In this case the range of D is closed, and the theorem follows 
from the techniques of |fi8j . 

When b is odd. 



IH 



-._,iX,B)) 



H''{X,B) 
lm{H''(X,B) — 
lmllH'}^,iX,B) 

Im{lH^{X,B) — 
lm{lH^{X,B) - 
H''{X\B) 



k < 



IHf_,{X,B)) 
^IH^_^iX,B)) 

^IH^{X,B)) 
^ H''{X\B)) 



fe-i 

2 
h-1 



k — £^ 

— 2 

L _ fc-1 
K — 2 



k = n — 
k ^ n — 
k > n — 



b-l 

2 
b-l 

2 
b-l 

2 



Simpler corollaries of this theorem, for cases when is a sphere and X a smooth manifold, were 
stated in Corollary 1 in the introduction. 
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6 Relationship to other works 

We now briefly discuss some consequences of tlie Hodge tlieorems proved here and their relation- 
ship with other work in the field. 

Carron's Hodge theorem for manifolds with flat ends: In a recent paper Carron 
has calculated the Hodge cohomology for manifolds with finitely many ends, on all of which it 
is assumed that the curvature tensor vanishes identically. He uses two main tools: a precise 
geometric structure theorem for flat ends |27| . and his theory of nonparabolicity at infinity in 
order to obtain new function spaces, which are extensions of i?Qn*(M) and on which the range of 
D is closed. This work has substantial overlap with ours in the sense that many but not all fibred 
boundary and fibred cusp metrics are nonparabolic at infinity and satisfy the extra conditions 
implied by the flatness hypothesis. 

The signature formula of Dai and Vaillant As discussed in the introduction, an immediate 
corollary of Theorems 1 and 2 is that 



This formula holds both for fibred boundary and fibred cusp metrics. 

On the other hand, there is an signature theorem for manifolds with fibred cusp ends 
proved by Dai ^Sl and generalized by Vaillant 67 : 



The final term here is the r invariant, originally defined by Dai, which is a sum of signatures 
coming from the higher terms in the Leray spectral sequence for the fibration of dAI. Combining 
these two signature theorems now identifies r = T{dM) with the difference of the two algebraic 
signatures in H54(l and H55(l . see in the introduction. The original definition of r involves 
algebraic signatures on the higher terms (i.e. the Ek terms. A; > 3) of the Leray spectral sequence 
of the fibration for dM . It seems very tempting to conjecture that the summands in this definition 
arise from signatures on the weighted cohomology for weights ±a, where a varies from some small 
positive number to one sufficiently large so that the weighted cohomologies WH{M, g, ±a) equal 
the relative and absolute cohomologies, respectively. There should be finitely many jumps in 
this deformation, and the intermediate weighted cohomologies should correspond to intersection 
cohomologies with perversities varying from lower middle or upper middle to one of the extremes. 
We shall return to a precise exploration of these ideas elsewhere. 

Hitchin's Hodge theorem: The next section contains an explanation of our Hodge and sig- 
nature theorems in several interesting examples. Most of those examples are hyperkahler, and 
the Hodge cohomology of such manifolds has been recently studied by Hitchin 0^ . Amongst his 
results is one particularly relevant to our paper: 

Theorem 3 (Hitchin): Let A'l he a complete hyperkahler manifold oj real dimension Ak such that 
one of the Kdhler forms uji satisfies uji = d/3, where j3 has linear growth. Then any I? harmonic 
form on M is of degree 2k and is self-dual or antiself-dual provided that k is even (respectively, 
odd). 

This implies 

Corollary 6. If M is a hyperkahler manifold as above, then dim L^H* (M, g) = |sgn^2 (M, g)! . 

Hence for the class of hyperkahler manifolds satisfying the hypothesis of Hitchin's theorem 
(including most of the examples in the next section), the Hodge cohomology can be computed 
from the L^-signature index theorem of Dai and Vaillant. 

We obtain two consquences which follow from this result and the analysis developed for the 
proofs of our main theorems. The first gives an interesting topological obstruction to the existence 




(54) 




(55) 
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of a fibred boundary or fibred cusp liyperkafiler metric satisfying the linear growtli liypotliesis of 
Theorem 3. 

Corollary 7. // M is a hyperkdhler manifold as in Theorem 3 which is either of fibred cusp or 
fibred boundary type, then the intersection form on H*{M,dM) is semidefinite so that sgn(M) is 
nonpositive if k is odd and nonnegative if k is even. 

Proof. To be definite, suppose 5 is a fibred cusp metric. We know by Theorem 3 above that 
the intersection form on iF'Ti'^^ [M , g) is semidefinite of the correct sign. On the other hand, the 
topological signature of a manifold with boundary is by definition the index of the intersection 
form on the image of (middle degree) relative cohomology in absolute. Thus we must show that 
this latter intersection form is also semidefinite. 

Suppose that 77 and v are smooth closed compactly supported 2fc-forms which represent non- 
trivial classes in Im(ij2fc(M, dM) H'^^(M)). By Theorem 2, or rather its proof in §5, we have 
77 = dC+7, V = dC+p where 7, p e L^n'^''{M); we also have that ( = Co+C, where C' G yt'O^f (M) 
and Co is polyhomogencous with growth at just the critical value for square integrability and in 
addition is fiber harmonic form and in the kernel of B. There is a similar decomposition for ^. 

We now compute that 

/ r]Av= I (dC + -f) A {d( + p) ^ dC A + / dC A p + 7 A + / 7 A p. 

JM JM JM JM JM JM 

Now integrate by parts in each of the first three terms on the right; using the information in the 
last paragraph, the boundary terms all vanish, and we are left with the equality of the pairing of 
rj and 1/ with the pairing of 7 and p, as desired. □ 

Remark. This topological obstruction is investigated further in |41| for toric hyperkahler vari- 
eties. 

The argument in the proof above also yield 

Corollary 8. If M has a hyperkdhler fibred boundary metric as above, then the t invariant of 
dM is non-positive if k is odd and non-negative if k is even. 

7 Examples 

A mathematically interesting theme in contemporary research in string theory involves the use of 
duality to predict the dimensions of spaces of harmonic forms on various classes of noncompact 
manifolds. Probably the most famous of these is the S-duality conjecture made by Sen in |63| . 
which predicts the dimension of the Hodge cohomology on moduli spaces of monopoles on M^; 
these moduli spaces include the Atiyah-Hitchin manifold, the Taub-NUT space and its higher 
dimensional generalizations. A similar S-duality prediction in concerns the Hodge cohomology 
of quiver varieties, while |39| contains a mathematical conjecture about the Hodge cohomology 
of moduli of Higgs bundles. Similar to Sen's conjecture, these last predictions equate the Hodge 
cohomology of these moduli spaces with the image of compactly supported cohomology in absolute 
cohomology. We also mention the predictions about Hodge cohomology in jM], for multi- Taub- 
NUT spaces, and in JOI) for the G2 space constructed in that paper. 

The justification of these predictions has been a key motivation for our work. In this final 
section we examine these conjectures in light of the results of this paper. The point is that, 
particularly in the low dimensional cases, the moduli spaces in these conjectures carry natural 
fibred boundary metrics, and hence our Theorem 1 can be applied. We discuss several examples 
where we can confirm the predictions, but notably, we also show that the harmonic form 
predicted to exist on the ALF G2 space of jTU] does not in fact exist. This is labeled as a 
f7(l)-puzzle in Section 6 of that paper, and awaits further explanation. 
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Many of the calculations below have been or could be done using techniques already in the 
literature. For example, Hitchin 0^ has already settled Sen's S-duality conjecture for the Atiyah- 
Hitchin and Taub-NUT manifolds. Likewise, the computations for all hyperkahler ALE spaces 
follow from Theorem 3 above and the computation of Hodge cohomology in the b-case, which 
was previously known, |56| . For spaces with hyperkahler metrics of fibred boundary type, the 
calculations follow from Theorem 3 again and the signature formula H55|l of Dai and Vaillant. We 
hope the advantages of our more unified approach to these problems is apparent and that our 
results give new topological insight even in the previously understood cases. We shall state as a 
corollary those applications which we believe are new. 

7.1 Gravitational Instantons 

A gravitational instanton is by definition, 42 , a 4-dimensional complete hyperkahler manifold. 
In all known, topologically finite and non-compact examples, the metric is of fibred boundary 
type. These examples can be separated into three classes: ALE (short for asymptotically locally 
euclidean), where F is a point; ALF (short for asymptotically locally flat), where F = S^; and 
ALG (by induction) where F ^ x S^. 

The space L^'H^{M) of harmonic 2-forms for gravitational instantons is particularly inter- 
esting since it contains the curvatures of U(l) Yang-Mills connections. Because of this, we shall 
also mention what is known about SU(2) Yang-Mills connections on gravitational instantons and 
how these U(l) Yang-Mills connections fit into that picture as subspaces of reducible connections. 

7.1.1 ALE gravitational instantons 

In his thesis, Kronheimer classified all ALE gravitational instantons, 021) HOI' The underlying 
manifolds in this classification are (diffeomorphic to) minimal resolutions of C^/F, where F is a 
finite subgroup of SU(2). These are of type Ak, -Dfc, Eq, Ej or Es- Denoting the resolution of 
C^/F by Mr, the correspondence is given by the fact that the intersection form on H^{My) is 
isomorphic to the Cartan matrix of some simply laced Lie algebra of type ADE. Topologically, 
this means that My retracts to a configuration of Lagrangian 2-spheres forming the corresponding 
Dynkin diagram. The intersection form gives a pairing H^{Mr) x H^{My) and since 

the Cartan matrix defining the form is always negative definite, we see that the forgetful map 
H^{My) H^{My) is an isomorphism. 

Now apply Theorem 1 to get the well-known result that L'^Ti^^M) is nontrivial only in degree 
2, and 

L27^2(Mr,5ALE) =-ff'(Mr). 

In particular, if k is the number of conjugacy classes in F, then dimi^7i^(Mr, 5ale) = fc — 1. 

A nice explicit construction of fc ~ 1 independent elements giving a basis oiL'^U'^{MY) in this 
case appears in j^S]. The paper j51^ combines this with 0^ to construct all finite energy U(fc) 
Yang-Mills instantons on My- 

7.1.2 ALF gravitational instantons 

There is no classification known for ALF gravitational instantons parallel to that of Kronheimer 
for the ALE case. However, recently Cherkis and Kapustin j20j have conjectured a classification 
scheme: using a physics argument they predict that all ALF instantons are of the types: A^, Dfc, 
so that Dq stands for the Atiyah-Hitchin manifold. 

Consider first the Ak (for fc > 1) and (for fc > 4) families. The underlying manifolds 
of these gravitational instantons are the same as in the ALE case, although the metrics are of 
course now ALF. Thus now F is either a cyclic or dihedral subgroup of SU(2) and My the minimal 
resolution of C^/F. The Ak family was constructed first in (see below for the details), while 
the Dk family appears in [201 and [T^. 



38 



The following corollary confirms the prediction made in j64| concerning the Hodge cohomology 
of ALF gravitational instantons in the Ak case, but includes the Dk case as well. 

Corollary 9. Suppose T C SU{2) is a finite cyclic or dihedral subgroup, and let k be the number 
of conjugacy classes in T. If (Mr,5ALF) is the associated ALF gravitational instanton, then 
dimL^n^{Mr) = k; L^W^iMr) is trivial for d^2. 

Proof. In both the Ak and Dk settings Xr = Xr U S^. The Mayer- Vietoris sequence gives that 
H*(X^) = H^{Xt) © H°{S^). Therefore, by ©, dim.L'^H'^{M,gA'LF) = dimi?2(Xr) + l = k. 

Alternatively, apply Theorem 3 and (|55ll . One calculates that the r invariant of the fibration 
at infinity is —1, hence sgn^2(Mr, (?alf) = sgn(Mr) — 1 = — fc. The result follows by applying 
Theorem 3 again. □ 

A consequence of this result is that for an ALF gravitational instanton Mr there is, up to 
scaling, a unique harmonic form; this form is exact but not, of course, in the range of d on 
LF' . In the Ak case, the metric and all harmonic 2-forms are known explicitly. We now explain 
this in more detail and determine which harmonic form is exact. 

The explicit construction of the ALF gravitational instantons of type Ak uses the Gibbons- 
Hawking ansatz [53] : 



gALF = V{dxl + dxl + dxl) + V^de 



a 



^3) 

where a is a 1-form on R'^ such that da = *dV. There is a metric g^LF of this type which lives on 
a four-manifold Mk and admits an isometric circle action with k fixed points. Away from these 
fixed points, Mk fibers over \ {pi, . . . ,pk} with 5*^ fibers, and it induces a degree —1 fibration 
around each pi 6 M.^. Here (xi,a:2,a;3) is the standard coordinate system on and 9 G S^. 
Finally, 

Y\x-p^ 



V = 2^— — :;^-l-l, m>0. 



These are called Gibbons-Hawking or multi-Taub-NUT metrics, and g^LF ^^'^ famous Taub- 
NUT metric. 

The paper |SJ explicitly describes the fc-dimensional space L^H^{Mk) as follows: 

~ ^Cii i ~ 1, . . . , fc, 

where 

Vi 2m 
6 ~ 77 (dO + a) , Vi = -, and dat = *dVi. 

V \x-P'i.\ 

This description is only local in the given coordinate chart, and indeed, extends globally only 
as a connection on a U(l) bundle. Its curvature fli is globally defined. There is one exception: 
the connection ^ = = y{d(^ + a) — d9 is gauge equivalent to y{d9 + a), which extends 

globally as the metric dual of the Killing vector field ^ from the circle action. Its curvature is 
the harmonic 2-form d(^y{d9 + a)). For the Taub-NUT metric, i.e. when fc = 1, this 2-form 
was discovered by Gibbons [22 and exhibited as support for Sen's S-duality conjecture. (As 
already noted, Hitchin 01] settled Sen's conjecture in this case by proving that there are no other 
non-trivial harmonic forms.) 

Our result explains the topological origin of Gibbons' harmonic 2-form. For although Mi 
is diffeomorphic to R'', its compactification (as an ALF space) is Xi = CP^. The non-trivial 
cohomology of CP^ in degree 2 is the topological source of Gibbons' harmonic 2-form. 

The other infinite family of ALF gravitational instantons, of type Dk, was constructed in 
|19[ I20| as moduli spaces of certain singular SU(2) monopoles on R'^. The metrics are defined 
using twistor theory, so are not as explicit as the Gibbons-Hawking metrics above. However, for 
> 4, Theorem 1 again gives a fc-dimensional space of harmonic 2-forms, a 1-dimensional 
subspace of which is exact. It would be interesting to find these harmonic forms explicitly. 
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We now come to the Atiyah-Hitchin manifold M T . As explained in 03] , the compactification 
of this space is obtained by adding a copy of MP^, and in fact M U MP^ = 5^. Hence shows 
that L^7i*{M) = 0. However, tti{M) is Z2, and the universal cover M has compactification 
M U MP^ = CP^. Therefore L'^H'^{M) is one-dimensional. This 2-form was constructed by 
Sen in 63 , and Hitchin 44 proved its uniqueness. Our proof of Sen's conjecture, through 
explains the topological origin of this form, since it comes from the 1 dimensional H^{CP'^). 

In contrast with the ALE case, very little is known about Yang-Mills instantons on these ALF 
gravitational instantons (though, of course, the discussion above can be applied to understand the 
situation for U(l) Yang-Mills instantons). Recently new families of SU(2) Yang-Mills instantons 
on multi-Taub-NUT spaces have been found, cf. j29| . |30|. In particular, j5Q^ contains an intrinsic 
construction of the harmonic forms fli defined above as the curvatures of reducible SU{2) 
Yang-Mills instantons. 

We conclude this section with a final example, the well-known Euclidean Schwarzschild space 
M, which is a complete Ricci-flat 4-manifold but not hyperkahler. Its Hodge cohomology is 
calculated in using techniques from IT, and it is shown there that L^T-L^{M) — when k ^ 2 
and L'^'H'^{M) is 2-dimensional, with a 1-dimensional subspace of (anti)-self-dual solutions. This is 
explained neatly by (0): namely M is diffeomorphic to x S*^, and is ALF with F = S'^ = d{M?), 
hence it compactifies as X = y. . Applying we see that the Hodge cohomology of M is 
concentrated in degree 2, and 

dim L^H'^{M) = dimH^{X) ^ dim H^{S^ x S^) = 2. 

As explained in , the self-dual harmonic 2-forms on M had already appeared in the physics 
literature in the disguise of SU(2) Yang-Mills instantons |14| . 

7.1.3 ALG gravitational instantons 

The ALG gravitational instantons are the most recent of these spaces to be studied and examples 
have only recently been constructed j21j : they arise as moduli spaces of periodic monopoles on 
X S^. In these examples the underlying manifold M is an elliptic fibration of type Di, D2, 
Z?3, D4 or Eq, Ej, Es, cf. j2J for the precise meaning of this. They all have a fibred boundary 
metric with F , and hence their compactification X — MiJS^ is not a Witt space. Theorem 
1 gives 

CorollEiry 10. Let (M, (7alg) &e an ALG gravitational instanton. Then 

L^re{M,gpa.G) = ImiH^M.dM) ^ H^{M)), 

is an isomorphism, or in other words, dimL^7-^^(M, ^alg) equals the rank of the intersection 
matrix on H^{M,dM). 

Proof. The intersection cohomology of X can be calculated using Mayer- Vietoris, so that the 
result follows from Theorem 1. However, another approach may be more transparent. By The- 
orem 3 and the signature formula H55|l it is enough to show that the fibration d{M) — > B has 
T-invariant equal to 0. But this follows from pp. 316-319 in |25|. where it is shown that t = on 
any fibration which admits a flat connection. This applies in the present situation because over 
the one-dimensional base B = any connection is flat. □ 

In the examples of type D4, the intersection matrix is the Cartan matrix of type -D4, |21| . 
Hence in this case L^H^{M, gALc) is four dimensional. 

A parallel construction in 21 of certain moduli spaces of solutions to Hitchin's equations (or 
equivalently Higgs bundles), yield manifolds with hyperkahler metrics gmt which have the same 
complex structure and underlying topology as the moduli spaces of periodic monopoles discussed 
above. A conjecture in |5J states that the corresponding elements of these two classes of moduli 



40 



spaces are in fact isometric. For example, it is known that the moduh space of rank 2 parabohc 
Higgs bundles on CP^ \ {pi,P2,P3,Pi} is an elliptic fibration (given by the Hitchin map) with 
one singular fiber of type D4. 

If this conjecture is valid in general, then Corollary 10 implies that for the 4-dimensional mod- 
uli space of solutions to Hitchin's equations on a cylinder, L^Ti^ {M , gmt) ^ lm{H^{M,dM) — > 
H'^{M)). This would be the first evidence, albeit indirect, for (3^1 Conjecture 1]. 

7.2 ALE toric hyperkahler manifolds 

Toric hyperkahler manifolds have been defined and first studied in 6 . An algebraic geometric 
account of the underlying varieties, with some novel applications to combinatorics, is given in 

EOI. 

Let U(l)'' act on H", preserving the hyperkahler structure, and let = H"////^U(1)'' 
be a smooth toric hyperkahler manifold of dimension 4n — Ad. The notation X////^G here 
denotes a hyperkahler quotient, see (45) . This construction determines a family of metrics on 
iW^ corresponding to the regular values of the hyperkahler moment map. For any such value, 
consider the family Mt^, t > 0. The asymptotics of the metrics in the family Mtj are the same for 
t ^ (i.e. these metrics are quasi isometric, with increasing quasi- isometry constant as t —>■ 0). 
As t ^ 0, Mt^ degenerates to the singular space Mq = M" ////qU (1)''. If we suppose that Mq has 
only one isolated singularity, then the metrics in this family maintain the same asymptotics at 
infinity even when t = 0. In this case Mq is the cone over a 3-Sasakian compact smooth manifold. 
This implies that is ALE. 

The question of when Mq has only one isolated singularity is intimately related to 3-Sasakian 
geometry |5] and we quote a result from [S] Theorem 4.1]: Mq has only one isolated singularity 
if and only if the action of U(l)'^ on H"' is unimodular (this means that the generic quotient 
is smooth) and generic (this means that the vector configuration described by the embedding 
U(l)'' C U(l)" is generic, see |S]). Now Theorem 1 and give 

Corollary 11. Suppose that the toric hyperkahler manifold is smooth and generic. Then 

and L'^Ti'^ (M^) = in all other degrees. 

The fact that the Hodge cohomology is concentrated in the middle degree is because has 
no cohomology above the middle dimension. It is proven in 0J that the intersection form on 
iJ^"~^'^(M^, 9M^) is definite, which in the case of a smooth and generic toric hyperkahler variety 
is consistent with Corollary 7. It follows that the forgetful map H^''-^'^{M^,dM^) H'^"'-^'^{M^) 
is an isomorphism for any smooth toric hyperkahler variety proving the last isomorphism in the 
above Corollary 11. 

There are two extreme cases for a smooth generic toric hyperkahler manifold M^. One occurs 
when d = n — 1, and these are just the ALE gravitational instantons of type A^, which we 
have discussed earlier. The other extreme is when d = 1, and then we obtain the Calabi metric 
on T*CP"~^. From the argument above it has an ALE metric and its Hodge cohomology is 
supported in the middle degree 2n — 2, where it is one-dimensional. An explicit generator for this 
space was found in 171 . 

A closely related example is the ALE Ricci-flat Kahler metric on T*S^, constructed by Stenzel 
in |65j . Theorem 1 shows that there is a one-dimensional space of harmonic n- forms on that 
manifold when n is even. For n = 2 this is just the Eguchi-Hanson metric. For general n = 2k, 
physicists have found explicit expressions for the harmonic /e-form |24) . 

7.3 Spin(7) and G2 metrics 

There has been recent interest amongst physicists to construct new non-compact complete Spin(7) 
and G2 metrics, cf. jlUj. and there have been predictions about the harmonic forms on such 
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spaces. All known examples have fibred boundary metrics, and so our results, Theorem 1, ((T)) 
and (|2Jl can be used to check these predictions. We mention just two examples. 

In fact, our Theorem 1 suggested that physicists look for an harmonic 3- form on a particular 
example, an ALE G2 metric on a rank 3 real vector bundle over S"*, constructed first in ,11, . We 
have as a simple corollary of Theorem 1: 

Corollary 12. The G2 metric of on a rank 3 real vector bundle over 5^ supports exactly a 
1- dimensional space of degree 3 and a 1-dimensional space of degree 4 harmonic forms. 

Armed with the knowledge that such forms existed, physicists ,2^ were able to find their 
explicit forms, see (2.18) of and also Footnote 4 in |23j . 

There is another example of a G2 metric, constructed in ^Hl) which lives on x 5*"^. It is 
ALF with F = and so our result Q implies that 

Corollary 13. There are no non-trivial harmonic forms on the G2 space of JflOf - 

A prediction coming from duality arguments between M-theory and type IIA string theory 
suggested the existence on this space of an harmonic 2-form, or equivalently, a finite energy 
U(l) Yang-Mills field, whose counterpart exists in the dual theory. This last corollary shows that 
this prediction fails; actually, already the methods of 05 were used in ^3 Section 6] to establish 
the non-existence of harmonic 2-forms on this G2 manifold. Those authors call this the U(l) 
puzzle. 
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